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PEEFACE. 



The main object ■ of the present treatise is to supply 
a text-book on Geometrical Optics to students reading 
for the Mathematical Tripos at Cambridge, who do 
not wish to proceed much beyond those portions of 
the subject which are required for the first part of the 
Tripos Examination. 

The investigations are therefore not carried be- 
yond first approooimations. The discussion of the 
position of the foci of obliquely incident pencils has, 
however, been brought within this boundary, instead 
of being derived £rom the second approximations 
for direct pencils. 

The Author hopes that the book may be useful 
to a wider class of students, not residing in any 
University, by giving to them a concise view of the 
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mathematical explanation of instruments, with the 
practical details of which they are familiar. 

The Author wishes to express his acknowledge- 
ments to several friends, for hints and suggestions, 
and especially to Mr W. M. Spence, Fellow of Pem- 
broke College, Cambridge, for his valuable assistance 
in revising the book as it went through the press. 

College of Physical Science, 
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CHAPTER I. 

LAWS OF EEFLECTION AND EEFEACTION. 



1. rpHB subject of Optics divides itself naturally 
JL into two distinct parts. 

One of these consists in the deduction by- geometrical 
or analytical methods of the consequences of a few well 
ascertained laws which govern the simplest phenomena of 
light. The second consists in the explanation of the me- 
chanical or physical causes which produce those pheno- 
mena. These two branches of the subject are usually known 
as Geometrical and Physical Optics respectively, and it is 
with the former exclusively that the present treatise is 
concerned. We shall not discuss the physical causes of 
the propagation of light, but taking certain laws for grant- 
ed, we shall endeavour to trace out some of their more 
interesting and useful consequences. It will be necessary 
to commence with a few important definitions and expla- 
nations. 

2. When we are in a place exposed either to the light 
of the sun t>r any artificial source of light, we are sensible 
of the existence of objects surrounding us. If the light of 
the sun be excluded or the artificial light extinguished, 
we cease to be able to perceive by sight anything that is 
near to us. Such bodies as the sUn or a lighted lamp have 
therefore the property of rendering us sensible by sight 
not only of their own existence, but of that of all other 
bodies on which they shed what we call their light. Bodies 
which have this power are called self-luminous bodies. On 

A. o. 0. 1 



2 Laws of Reflection 

the other hand, bodies which require the presence of some 
self-luminous body in order to render us aware of their ex- 
istence by sight, are called non-luminous or dark bodies. 

3. We assume that the sensation of sight is produced 
by something (not necessarily material) which comes from 
the thing seen and enters the eye. Experiment shows 
that it proceeds in straight lines. We assume farther that 
this something, which we shall in future call light, proceeds 
to the eye from every material point of any body which is 
seen. The quantity of light which proceeds from any ma- 
terial point of a body to the eye we shall call a pencil of 
light. We shall also suppose that the form of this pencil 
is a cone, whose vertex is the luminous point, and whose 
base is the portion of the eye which admits light. 

4. If we suppose the vertical angle of this cone to be 
indefinitely diminished, we get a certain quantity of light 
which may be considered as a straight line, and is called a 
ray. It is not necessary for our purposes that such a small 
quantity of light shall be actually able to exist separately, 
but it is evident that we may suppose the pencils we have 
before considered to consist of an indefinite number of 
small portions, such as we have defined as rays. 

We may then give the following definitions : 

(1) A pencil of light is the portion of light, by 
means of which a given material point of any object might 
be seen by an eye suitably placed. It is generally con- 
sidered to be of a conical form with the material point at 
its vertex. 

If the material point be at an indefinitely great dis- 
tance, the cone will assume a cylindrical form. 

(2) A ray of light is the limiting form qf a pencil of 
light when' the solid angle at the vertex of the cone is in- 
definitely diminished. It is usually considered to be a 
line; and in accordance with a remark previously made, it 
is a straight line as long as it continues in the same me- 
dium, k pencil is conceived to be made up of an infinite 
number of such rays. 

5. We know by experience that if there be nothing 
but air or vacuum between us and any luminous object, the 
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light of that object is able to reach our eyes. If we inter- 
pose a piece of glass, or ice, or a rectangular vessel of 
glass containing clear water between our eyes and the lu- 
minous object, the light is still able to produce the sense 
of sight. 

If, on the other hand, we hold up a piece of wood or 
iron between our eyes and the object, the latter becomes 
invisible to us, the light not being able to traverse the 
wood or iron. 

We thus get an optical distinction between different 
classes of bodies. Some bodies permit light to traverse 
them more or less freely and regularly: others refuse to 
allow it to pass at all. Bodies of the former class are 
called transparent bodies ; of the latter, opaque. 

6. There are some bodies, as alabaster, porcelain, 
which, when held up between our eyes and a strongly lu- 
minous body, as the sun, allow light to pass in an irregular 
way, but do not permit us to see the luminous body dis- 
tinctly. > Such bodies are called translucent. Light trans- 
mitted through such bodies will not be farther considered 
in this book, as it obeys no simple geometrical laws. 

7. When a body is considered with reference to its 
power of transmitting light, it is usually called a medium. 

8. When a pencil of light proceeding in one medium is 
incident on the surface of another transparent medium, it 
is usually divided into three parts. 

(1) A portion is reflected back into the original 
medium according to a law to be hereafter stated. 

(2) A portion passes into the new medium accord- 
ing to another law to be hereafter stated, and is said to he 
r^r acted into the new medium. 

(3) A third portion is employed in rendering visible 
the suHace which separates the two media. 

For instance, when the sun is shining on a window, the 
sun's light comes through the air, and is incident on the 
plane sur&ce of the glass. Some of this light goes into the 
glass, and again passes out into the air on the other side, 

1—2 



4 Laws of Reflection 

as is proved by the luminous patch resembling in its gene- 
ral shape the window, which is seen within the room ; and 
also by the fact that an observer within the room can see 
the sun distinctly. This is the second or refracted portion. 

Some of the light is reflected externally, as is shown 
by the fact that an observer outside the room can see the 
sun's image reflected in the window just as in a looking 
glass, only not so vividly. 

This is the first or reflected portion. 

A third portion is employed in rendering the window 
visible, and is said to be scattered. The observer outside 
will be able to see the specks and marks on the surface of 
the glass by means of this portion. If the glass of the win- 
dow were perfectly smooth and clean, this portion would 
probably not exist, and the whole of the light would be 
either reflected or refracted. 

We shall at present only consider the reflected and re- 
fracted portions. 

9. Before stating the laws which regulate the direc- 
tions of the reflected and refracted portions corresponding 
to a given incident pencil, we must define a few terms 
which will be of constant occurrence. 

The straight line drawn at right angles to a plane at 
a given point is called the normal to the plane at that 
point 

We know, from the example of the earth, which is 
really spherical, but of which any small portion appears to 
be a plane, that any portion of a spherical surface suffi- 
ciently small in comparison with the size of the whole 
sphere may be considered as a plane. The normal to a 
spherical or other curved surface at any point is the line 
drawn through that point at right angles to the plane, 
with which the small part of the surface immediately sur- 
rounding this point may be supposed to coincide. In the 
case of a sphere the reader must assume, if it be not ob- 
vious to him, that the normal at any point is the straight 
line joining that point with the centre of the sphere. 

10. If a ray of light in its progress from the original 
point from which it emanates comes to the surface of a dif- 
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ferent medium from that in which it is at first propagated, 
k is said to be incident on the second medium. 

In this case the plane containing the incident ray and 
the normal to the surface which separates the second me- 
dium from the first is called the plane of incidence of 
the ray. 

The angle between the incident ray and the normal to 
the bounding surfia<!e is called the angle of incidence of 
the ray. 

11. When a ray is so incident, the following laws 
govern the directions of the two portions of it which are 
respectively reflected and refracted. 

(1) The reflected and refracted rays both lie in the 
plane of incidence of the original ray and on the opposite, 
side of the normal to the surface to that on which the inci- 
dent ray lies. 

(2) The angle which the reflected ray makes with 
this normal is equal to the angle which the incident ray 
makes with the normal. If we agree to call the angle be- 
tween the reflected ray and the normal the angle of reflec- 
tion, this law may be conciseiy stated thus — the angles of 
incidence and reflection are equal 

(3) The sine of the angle which the incident ray 
makes with the normal bears a constant ratio to the sine 
of the angle which the refracted ray makes with the nor- 
mal to the surface ; constant, that u, for the same kind of 
light and the same media. 

This constant ratio is called the index qf r^raction or 
r^ractive index from the first medium into the second. 

If the first medium be a vacuum, this constant ratio is 
called the absolute index qf r^raction of the second me- 
dimn. 

If the second medium be denser in substance than the 
first, this ratio or refractive index is greater than unity ; as, 
for instance, when light passes from air to glass. 

12. Thus, for instance, let us suppose the plane of 
incidence of a ray PO to coincide with the plane of the 
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paper, and let NON' be the normal to the Burface dividing 
the media, at the point where the ray is incident. Let 
AOB be the line of intersection of this bounding surface 
with the plane of the paper. 




By the first law, the reflected ray OQ and the refracted 
ray OR will both lie in the plane of the paper, and to the 
left of ONy as we have drawn OP to the right of ON. 
Also OQ lies above AOB and OR lies below AOB. 

The angle PON is the angle of incidence. 

The angle NOQ is the angle of reflection. 

The angle NOR is the angle of refraction. 

If we call these angles <^, (f/^ <^' respectively we have 
by the second law 

and by the third law 

- — ^=a constant which we may call u. 
sm0' 

These equations determine <l/' and 4/ when <^ is known. 

If the second medium be of a denser nature than the 
first, fi is greater than unity, as has been already remarked ; 
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<^ is consequently greater than <fi\ Thus^ in passing into a 
denser medium a ray of light is bent towards the normal 
to the bounding surface ; on the. other hand, in passing from 
a denser medium into one less dense, the light is bent 
away from the normal. 

13. It is usual to consider separately the two portions 
into which the ray is divided, and to speak of a ray as 
reflected, or refracted^ at a given surface when we mean 
that we are only going to discuss the position and direc- 
tion of the reflected or refracted portions respectively. 

14 It is found experimentally that if a ray PO when 
incident on the surface of a second medium be refracted 
in the direction OR, a ray coming in the second medium 
in the direction RO will be refracted along the line OP, 

If we call the two media A and B respectively, and 
denote by Ai^-B the index of refraction from the first medium 
into the second, and by d/h^ the index of refraction from the 
second medium into the first, we have with our previous 
notation 

sin^ 
ii^'"-"*^' 

sin^'_ 

whence Bt»'A= (1). 

Again, it is found by experiment that a ray of light 
after passing through any number of media bounded by 
parallel planes, as for instance through a number of plates 
of glass of different kinds, when it comes again into a 
medium of the same nature as that from which it originally 
was incident on the plates, will be in a direction parallel to 
its original one. 

Thus let A be the original medium, and let PQRSThe 
the course of a ray in passing through portions of two 
media B and C bounded by parallel planes. 

Let (f) be the angle of incidence on B, <f>i the angle of 
refraction into B; it is evident that ^ will also be the 
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A /P 




angle of incidence on C. Let <f>^ be the angle of refraction 
into G, which will also be the angle of incidence on A^ 
while by the above remarks ^ will be the angle of refrac- 
tion into A agaia Then we have, with the notation ex- 
plained above, 



8in_^_ 
>i 



sin<^ 



sin</>i-^^^ 'S^,-'^"' 



sin^,_ 



.*. aH-b X Bfic X efijt = 1, 

which, since by means of equation (1) 

I 



jtfte- 



cH'^ 



gives QS 



jtfJ^o=M^M^BtJ^e 



(2). 



One great nse of this equation is to connect the relative 
index of refraction between two media with their absolute 
refractive indices. 

Thus let jrfi^ be the index <^ refracticm from vacuum 
into Ay that is the absolute refractive index of ^ (Art. 11 X 
and let pftj, be similarly the absolute refractive index of 3^ 
Then by the above equation 



rfi-jt — rl^B ^ Bf^ji» 
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Similarly, or by (1), ) (3X 

These results (1), (2), (3) are of considerable importance^ 

15. Let us again consider the equation 

8in^=/isin^', 

or sin 6'=- sin <A, 

which connects the angles which the directions of the ray 
in the first and second medium respectively make with the 
normal to the separating surface. Assume also that /i is 
greater than unity, so that the second medium is denser 
than the first 

It is evident that, if <^ be given, since sin 4> is less than 
sin <!>, and therefore less than unity, a real value of <f/ 
can always be found. Hence if a ray of light be incident 
from a rarer medium on a denser, the ordinary law of re- 
fraction always gives a direction for the refracted ray. 

If, on the other hand, <l> be given, sin ^ may happen to 
be greater than unity and no real value of ^ can be found. 
This will be the case if 

sm > - , 
A* 

and for values of 4/ exceeding the value given by the 
equation 

sin <^'= - (1), 

no direction for the refracted ray is given by the ordinary 
law. 

In the case of any two media, the greatest angle at 
which a ray, proceeding in the denser medium, can be 
incident on the rarer so as to be refracted into the rarer, is 
called the criHccU angle between thote media. Its value 
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is given by the equation (1), where fi indicates the refrac- 
tive index from the rarer to the denser medium. 

If the rarer medium be a vcu^uum, fi will be the abso- 
lute refractive index of the denser medium and the cor- 
responding critical angle is called the absolute critical 
angle, or sometimes simply the critical angle of the denser 
medium. 

16. It is found by experiment that when a ray of light 
is incident on a medium rarer than that in which it is 
moving, at an angle greater than the critical angle between 
those media, the whole of the light is reflected; the re- 
fracted portion does not exist. This is known as the phe- 
nomenon of total internal reflection, 

17. We have hitherto considered the second medium 
to be a transparent medium capable of transmitting light. 
If it be opaque, as when light is incident on the polished 
surface of metal, the refracted portion does not exist, or, 
at any rate, does not make us sensible of its existence. 
There is however in this case a reflected ray following the 
laws given previously in Art. 11. The amount of light in 
the reflected ray is not so great as in the incident ray, and 
is much less than in the case of total internal reflection 
given in the last Article. 

• We have thus far considered the modification produced 
in a single ray by reflection or refraction at a surface. 
We have to consider in the next Chapter the more com- 
plicated modifications produced in a pencil by such refrac- 
tions or reflections. 



EXAMPLES.- CHAPTER I. 

1. Find the angle of refraction, when a ray is refracted from 
vacuum into a medium whose refractive index is <^2, the angle 
of incidence being i5°, 

2. The angle of incidence being 60®, and the index of re- 
fraction being V3 ; find the angle of refraction. 
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8. The absolute refractive indices of two media being 
\/{6) - 1 and 2 respectively, find the angle of refraction of a ray 
incident in the first medium on the second ; the angle of inci* 
dence being 30®. 

4. A person looking over the rim of a cylindrical cup is 
unable to see the bottom. When water is poured in, part of the 
base of the cup becomes visible. Explain this. 

5. The height of a cylindrical cup is 4 inches, the diameter 
of its base is 3 inches. A person looks over its rim so that the 
lowest point of the opposite side which he can see is 2^ inches 
below the top. The cup is filled with water; looking in the 
same direction he can just see the point of the base farthest from 
him. Find the refractive index of water. 

6. A ray of light is incident on a refracting surface whose 

refractive index is /a, at an angle tan~^ fi. Show that the angle 

1 
of re&action is tan~^ - . 

/* 

7. A ray of light is incident on a refracting sphere, whose 
refractive index is y/S. It is refracted into the sphere, and when 
it is incident on the inner surface of the sphere, part is reflected 
internally, and part is refracted out into vacuum. Show that if 
the original angle of* incidence be 60®, these two parts are at 
right angles to each other. 

8. In the last question, show that if the part internally 
reflected be again incident internally and be refracted out into 
vacuum, its final course will be parallel to that of the ray first 
incident. 

9. A ray is incident on a refracting sphere whose refractive 

3 3\/3 

index is -, at an angle whose sine is — ^ . Show that if the 

ray be refracted into the sphere, that portion of it which emerges 
after having been twice internally reflected will be in the same 
direction as the original ray. 

10. Show that a pencil of light emanating from the focus of 
a prolate spheroid whose inner surface is reflecting, will be ac- 
curately reflected to a point. Show also that a pencil of light 
emanating from the focus of a paraboloid of revolution whose 
concave surface is reflecting, will be reflected as a pencil of 
parallel rays. 
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11. A luminous point is placed at the focus of an ellipse, 
the inner side of which can reflect light. Prove that any raj 
after two reflections from the curve will return to the focus from 
which it started, and will have travelled over a distance equal tp 
twice the axis major of the ellipse. 

12. A ray passes through four media whose absolute refrac* 
tive indices are ^/S, yJQ^ 5/2, and — — ^ respectively, the 

angle of incidence on the second medium from the first being 
45^. Find the angles of refraction into the second, third, and 
fourth media respectively. 

13. A ray proceeding from a point P, and incident on a 
plane surface at 0, is partly reflected to Q, and partly refracted 
toRi if the angles POQ, POR, QOR be in Arithmetic Progres- 
sion, find the angle of incidence, fi being the index of refraction. 
Explain the result when*/A=2. 

14. If the angles POQ, QOR and ROP be in Arithmetic 
Progression, in the last question, find the angle of incidence. 

15. ABO is a triangle, the interior of the sides of which 
can reflect light. In the side £C are two small holes at P 
and Q. Find the position of a point outside the triangle, such 
that a ray of light proceeding from it so as to enter through P 
may be reflected so as to pass out through Q, and also a ray from 
it entering through Q may be reflected out through P, 

16. A ray of light is incident on a concave refracting spheri- 
cal surface of radius r. Its direction before refraction cuts the axis 
of the surface at a distance >r Irom the centre of the sphere. 
Show that after refraction its direction will cut the axis at a 

T 

distance - from the centre of iSie sphere. 

17. A ray of light proceeds from one point P of an ellipse, 
and falls upon a reflecting plane at one focus. Find the position 
of the plane, that after reflection the ray may pass through a 
given point Q of the ellipse. 

18. If a ray proceeding firom the extremity of one diameter 
of an ellipse be reflected at the curve so as to pass through the 
other extremity of this diameter ; prove that tiie length of the 
path of the ray is the same whatever diameter be taken. 
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19. In the last question, prove that, if 0, 0' bo tEe eccen- 
tric angles of the extreipity of the diameter and the point where 

the reflection takes place, tan <f> . tan <f>'= — ^; a and h being the 
semiaxes of the ellipse. • 

20. A ray of light emanating from a point P of an ellipse, 
after one reflection at the inner side of the curve, is again re- 
flected at the opposite extremity of the diameter through P, 
Prove that after another reflection it will return to P, and then 
retrace its path, having described a parallelogram. 

21. A ray of light is incident upon a refracting sphere, 
whose refractive index is \/'d. The refracted ray and the inci- 
dent ray produced cut the sphere in points the arc joining which 
subtends an angle of 60° at the centre. Find the angle of 
incidence. 

22. The lencfth of the path of a ray which passes through 
two plates of different media in contact, bounded by parallel 
planes, is ay/Z in the first medium and 2c in the second. The 
thicknesses of the plates being a and c respectively, find the 
refractive index from the first plate into the second. 

23. Prove that light inAiich has been refracted into a sphere 
from vacuum can never be totally internally reflected. 

24. If light be incident on the curved surface of a hemi- 
sphere of a refracting medium in a direction parallel to its axis, 
shew that there will be no total internal reflection at the plane 
surface, unless the refractive index is greater than \/2. 

25. Three plane mirrors are placed so as to be all perpen- 
dicular to the same plane, their intersections with which form an 
acute-angled triangle ; a ray proceeding from a certain point in 
this plane after one reflection at each of the mirrors proceeds on 
its original course. Show that the point must lie on the peri- 
meter of the triangle formed by joining the feet of the perpen- 
diculars from the angular points of the original triangle on the 
opposite sides. 

26. The concave side of an equiangular spiral being polished, 
prove that a ray of light once a tangent to the spiral will be 
always a tangent to the spiral, however often it may be reflected 
at the curve. 

27* A ray of light is incident on a portion of a refracting 
medium in the shape of a prolate spheroid ; the eccentricity of 
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the generating ellipse is e, and the refractive index is - . Xhe 

ray being inddent parallel to the axis of the spheroid, show that 
after refraction it will pass through one focus. 

* 

28. A pencil of rays emanates from a point at a distance /at 

from the centre of a refracting sphere whose radius is r and 
refractive index /i. Prove that the extreme incident rays on 
emergence intersect a screen touching the sphere at the point 
opposite to the origin of light, in a circle, whose radius is 

2-A* ///t+l\ ^ 

2T;iVVM-V • 

29. If a ray of light be reflected at a plane surface, the 
incident and reflected rays make equal angles with any line 
lying in that plane. 

30. If a ray of light be refracted at a plane surface, the 
cosines of the angles which the incident and refracted rays re- 
spectively make with any straight line lying in that plane are in 
a constant ratio. 



CHAPTER II. 

EEFLECTION AND REFRACTION OF DIRECT 

PENCILS. 



18. TF we consider a pencil as made up of an infinite 
X number of rays all proceeding from a common 

point, it is clear that if such a pencil moving in one medium 
be incident on the surface of a second medium, it would be 
theoretically possible to calculate the direction of the re- 
fracted and reflected rays corresponding to each incident 
ray, and by considering the assemblage of these rays to 
obtain an idea of the form and position of the reflected 
and refracted pencils. The difficulties of calculation are 
however too great to allow this ordinarily to be done; and 
we have to content ourselves with approximation& 

Approximate results can in all practical c^ses be ob- 
tained, so near to the truth that they represent the ob- 
served phenomena as accurately as the eye can discern 
them. 

In practice the only surfaces at which reflection or re- 
fraction takes place in optical instruments are plane or 
spherical surfaces, or small portions of surfaces of revolu- 
tion which are symmetrical with respect to the axis of 
revolution. These last can be always considered to coincide 
with portions of a sphere which has the same curvature as 
the surface of revolution at its vertex. 

We shall therefore only consider the cases of plane and 
spherical surfaces. 

19. In one case of great importance the accurate form 
and position of the rejected pencil can be obtained; 
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cases is sometimes determined by thie eye which finally re- 
ceives it, but mare frequently, in the case of any compli- 
cated series of refractions and reflections, by the size of 
some one or other of the reflecting or refracting sur&ces 
on which the light fails. 

In all cases which we shall have to consider, the pencils 
will be very slightly divergent, that is, the solid angles of 
the cones of light considered will be veiy small. 

22. The central ray of the pencil, or more strictly the 
geometrical axis of the cone of light, is called the axis 
of the pencil. 

In any case of reflection or refraction, when the axis of 
the pencil coincides with the normal to the refracting or 
reflecting surface at the point of incidence of the axis, the 
pencil is said to be directly incident on the surfEtce. 

If the axis of the pencil do not coincide with the nor- 
mal to the surface at the point of incidence, the pencil is 
said to be obliquely incident 

Thus, the axis of the pencil by which the point A is 
seen in the figure of Art 20, is obliquely incident on the 
mirror CD, 

23. We shall first consider the effect of reflection and 
refraction when a small pencil is directly incident on a 
plane or spherical surface. 

The first case, that of a pencil of any size reflected at a 
plane surface has been discussed in Art. 19. The reflectepL 
rays will form a cone whose vertex is at a point as far 
behind the mirror as the original point is in front of it. 

24. Secondly, we have to consider the case of a pencil 
of light whose axis is directly incident on a plane surface 
capable of r^r acting light. 

Let AR be a portion of the refhicting surface, QA 
the axis of the incident pencil, QR any other ray of the 
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pencil ; NRIT the normal to the sur&oe at i2,'which is of 
course parallel to ^ Q. 




tz ^ ^ 



Let fi be the index of refraction from the first medium 
into the second. Then by the law of refraction, if RS be 
the refracted ray, we have 



or 



%mQRN=iiWiSRNr, 
sin RQA = /u sin RqA , 



if ^produced meet AQmq, 

AR_ AR 



or 



Bq=li.RQ 



(1). 



This equation gives a relation by which the distance 
from A of the point where the refracted ray produced 
backwards meets the axis of the incident pencil can be 
determined. It is quite clear that the axis QA of the 
incident pencil is also the axis of the refracted pencil, 
since the refracted rays will be symmetrically placed with 
respect to this line. 

It can be shown by means of equation (1) that if the 
position of R change, that of q will also change. Thus 
the refracted rays do not all accurately pass through one 

2—2 
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point ; and the refracted pencil is not accurately of a conical 
shape. 

Nevertheless, if the original pencil be small, as is the 
case in all, or nearly all, the pencils we have practically to 
employ in optical instruments ; by supposing AR very small, 
we shall find a limiting position of q, such that the ra^rs 
of the refracted pencil will all very nearly pass through it, 
and which may thus be considered as approximately the 
vertex of the refracted pencil. 

If we make B to approach indefinitely near to A, and 
J* to be the limiting position of q, we get from (1) 

AF=ti.AQ. 

AQiR usually denoted by the letter u, and AF by the 
letter v : this equation then becomes 

v=fiu (2). 

25. In any case of direct refraction or reflection the 
axis of the incident pencil is also the axis of the reflected 
or refracted pencil. 

The point which may be considered as approximately 
the vertex of the reflected or refracted pencil is obtained 
as in the last Article, and is called the geometrical focus 
of the pencil after refraction or reflection. 

The geometrical focus of a pencil after direct refrac** 
tion or reflection may be defined as the limiting posi- 
tion of the point of intersection of any refracted or re- 
flected ray with the axis of the pencil, when the point of 
Incidence of the ray in question approaches indefinitely 
near to the point of incidence of the axis. 

26. We have next to examine the position of the geo- 
metrical focus of a pencil directly reflected at a spherical 
surface. 

Let QA be the axis of a pencil directly incident on a 
spherical reflecting surface. The incidence being direct, 
QA is the normal at A, and the centre of the sphere 
must consequently lie in AQ. 
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Let QB he any ray of the pencil, incident at B. Join 
OB, and draw i?^;' so as to maJce the angle OBq equal to 




the angle OBQ, then it is clear that Bq will be the re- 
flected ray. 

As B approaches A, the point q, in which Bq cuts AQ, 
will assume some limiting position. Let this be F, Then 
Fis the geometrical focus whose position is required. 

Since the angle OBQ is equal to the angle OBq we 
haye by Euclid yi. 3, 

QO : Oq :: QB : Bq, 

or in the limit when B approaches indefinitely near to A, 
and consequently qto F, 

QO : OF :: QA : AF (1). 

Let AO=r, AQ=u, AF=^v. 

Then from (1) r-u :v-r::u:Vf 
.•. (r-w)f?=(f?-r)«, 
.'. rv-\-ru=2uv, 
or dividing by urv, 

A + l = ? (2). 

V u r 

We have drawn the mirror concave, and have supposed 
the points Q and ^ to be on the same side of ^ as the 
centre of the surface. 

It will be found that the formula (2) will be universally 
trae whatever may be the rehitive positions of the points 
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A,Q,0 and F, if the convention be adopted that lines 
measured in one direction from A, say to the right of A, 
shall be considered positive, and lines measured from A in 
the opposite direction shall be considered negative. 

27. For instance, if the mirror be convex as in the 
figure, we still have from the law of reflection, by Euclid, 

VI. A, 

QO : Oq :: QR : Bq, 




or in the limit 



QO:OF::QA : AF, 



and writing —r for OA, +w for AQ, and -t? for AF, we 
have 

u—r : «-r :: u : — 1>, 

as before. 

The student may draw other figures for himself, and 
verify that in every case the formula (2) of the last Article 
holds. 

28. It is sometimes convenient to take the centre of 
the spherical surface as point of reference. In this case 
we shall take the figure of the last Article as the typical 
one, because in that figure all the distances involved 
are measured from in one direction, and may be 
considered positiva 
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Let OA = r, OQ^p, OF=q. 

Then since 

QO : f>F :: QA : AF, 

we hare 
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P 'Q "'P-r : r—Qy 


whence 


p{r-q)=q(p-r\ 


or 


pr+qr=2pq, 


whence 


p q r 



This formula, like that in Art. 26, can be adapted to 
all cases by the convention with regard to signs explained 
in Art 26. * 

29. We have finally to investigate the position of the 
geometrical focus of a pencil directly incident on a spherir 
eal r^racting surface. 

Let be the centre of the sphere, Q the vertex of the 
cone of light whose axis is incident at A, ISince the in- 
cidence is direct, QA coincides with OA, 




Let QB be any ray of the pencil, incident at B, and BS 
tha eorrespottding refracted ray. Produce BS backward*. 
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to meet ^Q in q^ and let F be the limiting position of q 
when R approaches very near to A, 

By the law of refraction, if fi be the refractive index, 

^mQRO=iifxaqRO, 

.-. ||.sinCOi2=^.gsing022, 

or QO.qR=fi,qO.QR. 

Hence in the limit when R approaches very near to A^ 
and qtoFf 

QO.FA=-iiFO,QA, 

whence if AO = r,AQ = Uf AF= t?, 

(r-M)i>=fi(r -!?)«, 

/. firu—ro={fi-l)uVy 
or dividing by urv 

V u r' ' 

30. The formula proved in the last Article is of funda- 
mental importance. It virtually contains all that have been 
given before. 

Thus we may consider a plane surface as the limiting 
form of a sphere whose radius is infinite; and thus by 
making r infinite, we shall get the geometrical focus for a 
pencil of light directly incident on a plane refracting sur- 
face. The formula of the last Article becomes in this case^ 

"-1=0, 

V U 

or v=fiUf 

the formula of Art 24. 

Again it is found, and the reason will be given in the 
next Article, that any formula for refraction will give the 
corresponding formula for reflection, by giving to fi the 
value — 1. Thus the formula for the geometrical focus of 
a pencil of light, directly reflected at a spherical sorfaoei 
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will be obtained from that of the last Article by this sub- 
stitution. The formula becomes 

V u r' 

1 1 2 

or - + - = - 

V u r' 
the same as in Art 26. 

For reflection at a plane surface we either make r 
infinite in this last formula, or put fi equal to — 1 in the 
formula v=:iiu. Either of these methods gives 

agreeing with the geometrical result of Arts. 19 and 23. 

31. The derivation of formulae for reflection from cor- 
responding, formulae for refraction by the substitution 
of ~ 1 for fjL can be explained by the following^considera- 
tions. 




Let PQ be any ray incident on a refracting surfiu^ 
at Q, and let QR be the corresponding refracted ray. Let 
QN be the normal drawn internally. 
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Then by the law of refraction QB is drawn above QN 
at an angle <^' determined by the equation 

mi<i/=-%m<h (1), 

where <^ is the angle of incidence. 

In this equation, put fi = — 1^ 

/. sin<^'='-sin<^ 

/.</»'= -<^ 

Now as a positive value of </>' indicates a line drawn at 
an angle <^' €i>ove QN, a negative value of <^' will indicate 
a line drawn below QN, Hence consistently with the usual 
geometrical interpretation of positive and negative, the 
line given geometrically by the equation (1) when /li= — 1 
is a line QS below QN, inclined to QN at an angle equal 
to the angle of incidence, that is, the equation in that case 
determines the direction of the reflected ray produced. 
Hence all formulse which give the point of intersection of 
a refracted ray with a given line, will determine the corre- 
sponding point in the case of a reflected ray by the 
substitution fi= — 1. 

32. We have now determined the position of the 
vertex of a pencil of light after refraction or reflection, 
when directly incident on a plane or spherical surface. 

Before proceeding to examine the case of obliquely in- 
cident pencils, we must consider a little farther the formulas 
of Arts. 26 and 29. 

33. Taking the formula 

V u r 

which connects the distances of Q and F from A in the 
case of a reflecting spherical surface, we see first that the 
points Q and F are interchangeable, that is, if Q move to 
where F is at any time, F will move to where Q was 
previously. 

The points Q and F are sometimes called coiytigate 
foci. 
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When the original pencil consists of parallel rays Q is 
at an indefinitely great distance and -=0. Hence A For 
r 

This position of the point F is sometimes called the 
principcUfocm of the reflecting surface. 

Similarly from the formula, 

• V u r * 

putting t«= OD, or -=0, we get 1^=-^ . 

The point i^ whose distance from A is thus determined 
is called the principal focus of the refracting surface. 

34. Again, taking the formula 

112 

- + - = -, 
V u r 

it is easy to trace out the changes in the position of F 
corresponding to various positions of Q, 

First we may notice that if u increases, v must decrease, 

since - + - remains of inyariable value. Hence Q and F 

move in opposite directions. 

When Q is at an infinite distance to the right hand, 

f" 

1?=-, and hence J^ is at a point Fi half-way between A 

and O. 
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As Q moYea up towards O, F also moves towards 0, 
and at they coincide; for when M=«r, i?=r. 




When Q moves from to F^i F moves from to a 



great distance to the right, and when Q is at J^^, A: 
/. 9 = X , and the reflected rays are parallel. 



2' 




When Q is between F-^ and Ay F moves up from a 

great distance to the left towards A, v being negative, 

T 12 

since u< - , an)l conse^iuently - > - • 
2 * "^ tt r 
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When Q is indefinitely near to A, - is very lai^ge and 

u 

positive, and therefore - must be very large and negative. 

V 

ThnsF most approach indefinitely near to A, and when Q 
reaches A, Fslao reaches A, 




When Q is to the left of A (which can only be the case 
when, by some artificial process of refraction or reflection, 
we have made a pencil of light converge to a point behind 

A\u\b negative^ and v will be positive and <-. Hence 

F lies between A and Fi. As Q moves farther to the left, 
F approaches nearer to Fi, till when Q has got to a point 
at an infinite distance to the left of A,u=co, and F coin- 
cides again with Fi, 

35. From the formula 

V u r * 

we see that in the case of refraction at a spherical 
surface u and v must increase or decrease together. Hence 
Q and F move in the same direction. 

The student can easily verify the following facts. 

(1) When Q is at an infinite distance to the right of A 

^ is at a point JPi such that -4-Fi - ^ 



M-1 

(2) As Q moves from an infinite distance up to 0, ^ 
moves from Fi to 0, and at they coincide. 
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(3) As Q moves from OtoA,F also moves from to 
A, being nearer to O than Q is, and at A, Q and I" again 
coincide. 

(4) As Q moves from ^ to a point F^ at a distance 
— - to the left of A, F moves from ^ to an infinite dis- 
tance to the left of A, 

(5) As Q moves from J^, to an infinite distance to the 
left of A^ F moves from an infinite distance to the right of 
^ up to the point F^ previously mentioned. 

36. In the two previous Articles we have supposed the 
spherical surfaces concave to the right. The student can 
examine the cases in which they are concave to the left» 
and r consequently negative. 

37. It is sometimes convenient to replace the formula 
of Art. 29 by a formula giving the distances of the conju- 
gate foci from the centre of the surface instead of from 
the point A, In this case we shaill draw a figure with the 
spherical surface concave to the left, in order that all the 
lines may be positive. 

Let QR be any ray of the pencil, incident at i?, RS^^ 
produced backwards to meet the axis in g, the oorreapcmd- 




ing refracted ray. Let F be the limiting position of q 
when R comes to A, 
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Then as before 

sin QRN= fi sm qRN, 

.% gain eOi2=^g sin gOi?, 

.-. QO,qR=:^fi.qO.QR, 

or in the limit 

QO.FA=:fi.FO.QA. 

LeiOQ^p, OA=r, OF=q, 

.-. p{q-r)=fjLq{p-r\ 

whence - — = - — . 

p q r 

This formula may be instractiyely compared with the 
formula 



V u r ' 



of Art. 29. 



The two formulae are identical in form, p and q being 
replaced by v and u ; an aUiteratiye way of remembering 
the substitution. In either case, of the two letters in- 
Yolved, the first in alphabetical order refers to the incident 
pencil, and the other to the refracted pencil. Thus if the 
student remember either formula accurately, he will easily 
obtain the other. 



EXAMPLES ON CHAPTER H. 

1. A stick partly immersed in water appears bent upwards 
at the point where it meets the water. Explain this. 

2. A stick is partly immersed in water, being inclined to 

4 
the horizon at an angle whose tangent is ^^' Eind at what 

angle the part which is under water will appear to be inclined to 
the horizon, to an eye placed at some distance vertically above 
the stick ; the refractive index of water being 4* 
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3. A pencil of light is incident directly on a refracting 
sphere of radius a, whose refractive index is f . Find the position 
of the geometrical focus of the refracted pencil, the origin of light 
being at a distance of 4a from the centre of the sphere. 

4. A speck at the back of a plate of glass, one inch thick, 
is looked at by an eye placed just in front of the plate. Find at 
what distance the eye will imagine the speck to be, the refractive 
index of glass being | . 

5. A candle is placed in front of a concave spherical mirror, 
whose radius is one foot, at a distance of 5 inches from the mirror. 
Where will the image of the candle appear to be to an eye situ- 
ated in the axis of the mirror? 

6. If the candle in the last question be moved to a position 
two inches farther from the mirror, how will the position of the 
image be changed t 

7. Show that if the velocity with which light travels in any 
medium were directly proportional to the refractive index of that 
medium, the time occupied by light, which is refracted directly 
at a plane surface, in reaching any point in the second medium 
would be the same as it would occupy in travelling all the dis- 
tance from the geometrical focus after refraction, to the same 
point, in a medium of the same nature as the second medium. 

8. F, Q are conjugate foci of a mirror whose centre is 
and radius OA . Prove that if any point P be joined to the four 
points Af Fy 0, Q, and a straight line afoq be drawn to cut these 
lines in O) /, 0, g, then /, q are conjugate foci of a mirror whose 
centre is and radius oa, 

9. If q be the geometrical focus of a pencil of light after 
reflection at a spherical surface, whose centre is (7, corresponding 
to a luminous point at Q, and F be the principal focus, prove 
ilMXFC^=FQ.Fq. 

10. The locus of the image of a luminous point reflected in 
a plane mirror is a circle. Prove that the mirror always touches 
a conic section or passes through a fixed point. 

11. A luminous point is placed in front of a plane reflecting 
surface. If this surface turn in any manner about a point in its 
own plane, prove that the geometrical focus of the rays after 
reflection lies on a sphere. 
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Prove tiiat this will also be the case if the plane mirror move 
so as always to touch a prolate spheroid of which the luminous 
point is one focus. 

12. A luminous point is placed in front of a refracting 
medium bounded by a transparent plane surface. Prove that if 
the bounding plane move in any manner about a fixed point in 
itself, the geometrical focus of the rays after refraction into the 
medium always lies on the surface of a sphere. 

18. Three plane mirrors are all perpendicular to a given 
plane. Show that if a luminous point be placed anywhere on the 
circumference of the circle which is described round the triangle 
formed by the intersections of the mirrors with the given plane, 
the three images of the point formed by one reflection at each 
mirror respectively will all lie in a straight line. 

il4. Four plane mirrors are all perpendicular to a given 
plane. Find the position of a luminous point that its images 
formed by one reflection at each mirror respectively may all lie 
in a straight line. 

15. A luminous point is placed within a polygon whose 
sides are reflecting surfaces: if the image of the point/ formed by 
reflection at each side coincide with the point of intersection of 
the two adjacent sides, prove that the polygon is a regular hexa- 
gon, and the luminous point at its centre. 

16. If a pencil of divei^ng rays incident on a convex 
spherioal surface, is refracted to a pmnt as far behind the surface 
as tiie origin of light is in froi^ of it, show that the radius of the 

surface is - — r of the distance of the point of light from the 

surface. 

17. If any circle be drawn tiirough two conjugate foci in the 
case of a spherical reflecting surface ; prove that, in general, two 
other conjugate foci lie on the same circle. 

18. A luminous point is placed within a reflecting sphere : 
prove that its distance from the centre is a harmonic mean be- 
tween the diBtanees, from the centre, of the geometrical foci After 
reflection at the opposite portions of the surfaoe. 
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CHAPTER III. 

BEFLECTION AND BEFRACTION OF OBLIQUE 

PENCILS. 



38. T1[7S l^a^e now discussed all the cases of direct 

YY incidence, and have ascertained that after 
direct refraction, or reflection, the form of a pencil of 
light, originally conical, is still approximately conical 

We shall find that this is not the case when a small 
pencil is obliquely incident; but that the rays of such a 
pencil, after refraction or reflection, all pass approximately 
through two straight lines, at right angles to each other 
and to the axis of the refracted or reflected pencil. 

39. In the previous chapter we only considered those 
rays of the pencil which lie in one plane through its axis; 
but the pencil and the surface being originally symmetrical 
with respect to this axis, the geometrical fod of the rays 
in all such planes will be the sam& 

In fact, if with vertex Q and QA as axis, in any of the 
cases discussed in the last chapter, we describe a cone with 
semi-vertical angle BQA, the rays of the original pencil 
which lie on this cone, after refraction or reflection, will 
all cut the line AQia the same point q* 

40. Thus, let Q be the vertex and QA the axis of a 
pencil obliquely incident at ^ on a plane or spherical re- 
fracting or reflecting surface BCDE, 

Let QO be that normal to this surface which passes 
through Q, which in the case of a spherical surface will be 
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the line joining Q with the centre of the sphere. Let AO 
be the normal at A, 




With vertex Q and axis QO, and semi-yertical angle 
AQOf describe a conical surface. This surface will cut the 
refracting or reflecting surfiftce in a curve GAD; and by 
the remark of the last article, all the rays in the pencil 
incident on GAD will pass through the same point of QO 
after refraction or reflection. 

If with vertex Q and axis QO, and semi-vertieal angle 
slightly differing from AQO, we describe a cone, this cone 
will cut the surface BGDE in a curve SRT^ and all the 
rays incident at points of this curve will, after refraction^ 
pass through some one point in the line QO^ 

If the lengths of CD, BE be small compared with AQ 
and AOy which is always the case in practice, the lines 
CAD, SRTmXL be very nearly straight lines ; and we may 
consider the set of rays which fall on the points of CAD 
after refraction to lie in a plane which passes through CD 
and the point in QO where they all meet. 

Similarly, we may consider the set of rays which fall on 
SRT, after refraction or reflection, to lie in smother plane, 
which passes through SET and the point in QO where all 
these rays meet. 

3—2 
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These two planes are evidently each at right angles to 
the plane QOA, and will intersect in a straight line aq^ t, 
which is also perpendicular to the plane QOA, 

If we suppose SRT to a^^roach indefinitely near to 
GADf this line will assume some limiting position; and in 
this limiting position, if the pencil be small, it is a straight 
line through some point of which every ray of the re- 
fracted or reflected pencil will nearly pass. 

This limiting position of the line is called the primary 
focal line; and the point qi, where it outs the plane QOAy 
is called the primary focus. 

The plane QOA is called the primary planer and the 
point where the primary focal line cuts the primary plane 
may be evidently considered as a focus, or point of concen- 
tration, of the refracted or reflected rays which lie in the 
primary plane. 

41. Again, if we consider the rays incident on CAD^ 
these rays, after refraction or reflectimi, all pass through 
the point g,, where the axis of the refirmcted or reflected 
pencil cuts the line QO. This point q^ may be considered 
as the focus of all rays in the section of the reflected or 
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refracted pencil bj the pkfcoe through CAI> and the axis 
of this pencil. 

This point q^ is called the secondary focus, and the 
plane through CAD and Aq^ is sometimes called the se- 
condary plane of the refracted or refiected pencil. 

It will be pretty clear that if we take a section of the 
pencil by a plane through q^ parallel to the tangent plane 
to the refracting or reflecting surface at Ay this section will 
be a sort of figure of eighty having no width at the point 
q^y but swelling out above, because the rays have not come 
together to meet in QOy and swelling out below, because 
the rays having passed through QO have again begun to 
divei^e. 

This figure of eight is nearly a straight line, the width 
of the loops being small, if the pencil is small It is called 
the secondary focal line, 

Ik 

42. We see thus that in determining the form ef a 
pencil after oblique refraction or reflection we have to de- 
termine two foci, and that the pencil is not approximately 
of a conical shape. 




If we take a series of sections of the resulting pencil 
by planes parallel to the tangent plane to the refracting or 
reflecting surface at^, we see that the section at qi is a 
straight line perpendicidar to the primary plane, while that 
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at 9t is a straight line in the primary plane. As the cat- 
ting plane passes from ^i to ^,, the section is of an oval 
shape, first, when near q^ having its longest diameter per- 
pendicular to the primary plane; and when near to qgy 
haying its greater length in tiie primary plane. 

There mnst therefore be some position of the catting 
plane between qi and ^„ for which the diameters of the 
section in, and perpendicular to the primary plane, are 
eqnal. In this position the section will be approximately 
circular, audit is called the circle of least confusion. 

It is probaUy the nearest approach to a point of any 
section of the pencil, and is thus the point where any eye 
reoeiying the obliquely refracted or reflected pencil woidd 
consider the image of the origmal point of light to be 
X^aoed. 

Its position can be thus determined when those ciL the 
two foci are known. 

Let the diameters of the surfiice ABCDE^ in and per- 
pendicular to the primary plane, be 2Xi and 2X, respect- 
ively, that is, let AD=\%f AB^\, 

Also let Aqi^Vi and Aq^^v^^ q^ and q^ being the pri- 
mary and secondary fod. 

Let be the point where the required section cuts 
Aq^qt, and let Ao=a. 

Let q/*, 0^ be the radii of the circle of least confusiQn, 
perpendicular to the primary plane, and in that plane re- 
spectively : 

.*. Q^= og by definition of circle of least confusion* 

Again, by similar triangles, 

qf : AD :: oq^ : Aq^; 

Similarly, og : AB :: oq^ : Aq^ ; 

.*. og=\ *. 



But) 
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(1). 



The position of o is thus detennined if those of qi and g^ 
are knovm. 

I^ as is usually the case, the surface ABCDE has i 
circular boundary Xi=Xs, and the equation (1) becomes 



V^ V» X 



(2). 



43. We have now to determine the position of the 
primary and secondary fod in the three cases of a pencil 
obliquely incident on a plane refracting surfiice and on 
a spherical refracting and reflecting surface respectiyely. 
A pencil obliquely incident on a plane reflecting surface is 
as we know reflected exactly from a point. 

44. Let QA be the axis of a pencil incident at ^ on a 
plane refracting surface, q^A the cUrection of the refracted 




ray produced backwards to meet a line QiV, drawn through 
Q perpendicular to the plane surface, in ^s— the secondary 
focus of the refracted pencil • 
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Let QR be any other iray of the pencil in the ftritnary 
plane, and let the corresponding refracted ray produced 
backwards cut Aq^ in ^i. The limiting position of qi when 
B approaches A is the primary focus of the refracted 
pendL 

Let AQ=Uy Aq2 = Vi, Aq^^v^, 

and let /i be the refractive index from the first medium 
into the second. Let the angle of incidence of QA be de- 
noted by <l>, and the corresponding angle of refraction be 

Then AQN=<t>> Aq^N^tf/, 

Aad by the law of refraction 

sin<^=/i sih^^; 

AN_ AN 
•■• AQ"^' Aq^' 

/. Aq^=fi . A^f 

Again^ let ^^'' be the aoglea of inoidence and vefrao- 
tion of the ray QR ; 

:. QRA^90^-<l>iy g^RA^difi-^i^'i 

Alt _ sin AQR _ sin (<^-<^) 
*' AQ^BiuARfi' cos<^ ' 

AR ^ sin AqiR ^ sin (<^^- <^0 , 
Aqi sin ARqj^ cos^' ' 

Aqi _ cos <^' 6in(<^— <^) 
•' AQ " cos ^1 • sin (<^i'-^0 

_ cos <t>i , sin ^(<^ -<;$). COB ^(<^ - <^) 
~cos<^. Bini(<^'-<^')-c<*i(^'-<^0 ' 

Now sin <^=/A sin tj/, 

ftin <^s:=/i Aln^'; 

.*. (8in<^-sin<^)=/i(8in^'-*siii^')5 
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Bat in the limit when E conies up to ^, we have ^i»^ and 
<l>i^<t> ; and this formula becomes 

C082<^' 



Vi-fl 



' COS^ <^ 



. u 



(2). 



45. Secondly, let QA be the axis of a pencil obliquely 
incident on a spherical reflecting surface. Let Aq^ the cor- 




responding reflected ray cut QO, the line joining Q with 
the centre of the sphere in q^, which is the secondary 
focus. 

Let QE be any other ray in the primary plane, and let 
Eqi be the corresponding reflected ray, cutting Aq^ in a 
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point Qy The limiting fKMition of qi when B is very near 
to A, will be the primary focus. 

Let AQ=Uy Aqi=Vij Aq^^v^y AO=r. 

Let QAO=H» the angle of incidence of the axis ; 

.'. q^AO^<t> the angle of reflection of the axis. 

Let each of the angles QBO, qiRO be called ^. 

Then we have 

AQAq^^AQAO + ^^AO; 
.*. ^«9, 8in2<^=^t<r 8iB<^+^iy sin^; 
/. 2uv^ coB<l>=ur+ r,r ; 

.•.l^?^ = i + i (1). 

Again, AAOq^=il>+ lAQO, 

LROq^=<h+RQO; 
.*. LAOB=<l}i-<f>-\' lRQA. 

Similarly, z BqiA =<^i-^+ z ROA ; 

/. 2iR0A=: iRqiA + l.RQA,..> (2). 

But all the three angles ROA, Rq^A^ RQA, are ulti- 
mately very small, and their circular measures may be 
rephiced by their sines. Also we may consider RA as 
a portion of a straight line at right angles to AO, 

Hence, from the triangle RQA^ 

aaiRQA=-7T^ miRAQ= . oos^, 

and from the triangle RqiA, 

thiRqiA=-jj-- wiRAqi=—-coB<l>j 

andi?0^-— ; 
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whence, sabstituting in the formula (2) we get diTiding by 
RA, 



or 



2_ 
r 

1 


cos 
u 

1_ 

u" 


eoB0 
2 


«^i 


r cog ^ 



(3). 



4B, Thirdly, let QA be the axis of a pencil obliquely 
incident on a spherical refracting sur&ce, AS the corre- 




sponding refracted ray, prodaced backwards if necessary to 
cut QO in q^ Let QR be another ray in the primary 
plane and let the line of the corresponding refracted ray 
cut q^A in qi. 

The limiting position of qi is the primary focus, and q^ 
is the secondary focus. 

Let QAO=<t>y q%AO=^\ 

QRO^ih, qiRO=^<lH\ 
AQ=u, Aqi=Vi, Aqf=Vff AO—r, 

Then, as in the last Article, 

ROA^Rq^A + i^'-^t^^ 
R0A=^RQA+it^-4^ 
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and as in tke last Article^ 

r ' ^^ Vi u 

AR ARcosdi' ., ,, ,,v 

.*• -;;; z = <P -<Pi (1). 

AR AR cosd> J ^ /ON 

-7 iJ =**-9i C2}, 

Also, as in Art. 44, 

sin <t>=fi sin <^', sin ^1 = /i sin <^i'^ 
whence 8m|#-^ cosjC^^-h^Q 

or since in the limit — <^ and 4/— <^' are indefinitely small, 
replacing sines of small angles by their circular measures, 
ultimately, 

<l> — <l>l_tl cos (fi 

or (<t>- <f>i) cos <^ = (<^' — <^i') ft COS <^', 

whence from (1) and (2), 

. , fAR AR cos d>'\ , fAR AR cos <^\ 

/i cos* 0' COS* <^ _ ft COS <^^ — COS ^% 

t?i M " r 

Again, ACJg,=AQJ0-A^j^6>; 

/. ^uv^ sin (^-<^0*i^'' *i^ ^— Ir^r sin 4/ ; 
sin <^ . cos^^— COS0 sin (ji _ Bm<f> __ sin<^'' ^ 

and substituting for sin <^ its value fi sin <t>' and dividing 
throughout by sin <(/, we have 

/ACQS <^^-cos<^ _ ii _ 1 /4\ 
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47. We have now discussed to a certain order of ap- 
proximatiou the xdterations produced in a given small pen<> 
cil of light by one refraction or one reflection, whether the 
incidence be oblique or direct. In the three succeeding 
chapters we have to examine to the same order of approxi- 
mation the effect produced on such pencils by a number of 
such reflections or refractions in certain important cases. 

*The student may notice that the results of the last 
three Articles include the positions of the geometrical foci 
investigated in Chapter II. These latter may be obtained 
from the formulae of this Chapter by giving to 4» and 0' the 
value zero. 

It may be mentioned here that although, in accordance 
with the remark of Art. 42, the circle of least confusion is 
probably the position at which the eye sees an object by a 
pencil which has been obliquely refracted or reflected, it is 
sometimes convenient to assume the ^mary or secondary 
focus as the position of the image. 

If the obliquity be small these points will all be close 
together, and it will not matter much which of them we 
take. 



EXAMPLES. CHAPTER III. 

1. A small pencil of parallel rayii is incident at an angle of 
60^ on a spherical reflecting surface. Find the position of the 
focal lines. 

2. A small pencil of parallel rays is incident on a spherical 
refracting surface at an angle of 60^^ the refractive index being 
V3. Find the position of the focal lines. 

8. In each of the last two examples find the position of the 
circle of least confusion on the supposition that the incident 
pencil is a right circular cylinder. 

4. The refractive index of a medium being ^, find the posi- 
tion of the primary focus of a pencil incident on a sphere formed of 

n/7 



that medium, at an angle whose cosine is 



3 V3 
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5. A pencil is incident obliquely on a spherical refracbing 
surface at an angle whose tangent is ecjual to the refractive index 
of the sphere. Find the position of the focal fines. 

6. A small pencil di voices from one extremity of the diameter 
of a sphere whose interior surface reflects light, and is incident 
on the sphere, so that its axis after reflection passes through the 
other end of the same diameter. Find the position of the focal 
lines, and show that v^—Zv^, 

7. Find the position of the point, from which light must 
diverge so that after refraction at a sphere whose refractive index 
is 11 the primary and secondaiy foci may coincide. 

Show that the point must be at a distance /tr from the centre 
of the sphere. 

8. A small pencil of parallel rays is incident on a concave 

spherical reflector at an angle of -j. Find the position of the 

4 

focal lines and the circle of least confusion, assuming (1) the 

bordbr of the mirror to be circular ; (2) to be elliptical with its 

diameters in the primary and secondary planes in the ratio of \/2 

tol. 

9. If be the origin of light, P the point of incidence of the 
axis, and if the perpendicular to OP through meet the tangent 
at P, at the foot of the perpendicular from the secondary focus 
on the same tangent ; prove that the primary focus is at an infi- 
nite distance. * 

10. A pencil of parallel rays is incident obliquely on a convex 
refracting spherical surface. Find the position of the primary 

and secondary focal lines. If the angle of incidence be ^ and 

the primary focus be on the surface of the sphere, show that the 
angle of refraction is the complement of the critical angle. 

11. A small pencil diverges from a point in the surface of a 

spherical shell polished internally, and is twice reflected, show 

that if the normal at the first point of incidence pass through 

1 3 

the final primary focus, the angle of incidence was- cos'^ -. 

M 4 



CHAPTER IV. 

ON BEFLECTIONS AT TWO OB MORE PLANE 

SUBFAOES. 



48. 



WE have first to prove that if a ray be reflected 
successively at two plane mirrors so that its 




course throughout lies in a plane at right angles to each of 
them, its deviation from its original direction after two re- 
flections will be double of the angle between the mirrors. 

Let a ray be incident on one plane mirror at Q in the 
direction PQ, and let it be reflected along QR so as to 
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fall on a second mirror at B and be again reflected alon^ 
EST, 

Fig. (2). 




T^^ 



Let PQ or PQ produced meet RTm S; then in figure 
(1) QST, and in figure (2) UST is the angle between the 
first direction of the ray of light and its last direction, that 
is, the deviation of the ray, and in either case this devia- 
tion is double of the angle POQ between the mirrors. 

Let QNy RN be the normals to the mirrors at the 
points Q and /2, meeting, produced if necessary, in N\ QN 
and RN bisect the angles PQR and SRQ respectively. 

Then in figure (1) 

lQST=- lSRQ^lSQR 

= 2iNRQ + 2iNQR 

= 2(180»-CiV72) 
= 2lR0Q. 

In figure (2) 

L UST= L PSR 

^lPQR- lQRIS 
^^LMQR-^iqRN 
= 2iQNR 
=2lQ0R. 
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In either case the deviation is doable the angle between 
the mirrors. 

The property proved in this proposition is that on 
which the construction of the sextant depends. For a de- 
scription of this instrument the reader is referred to any 
treatise on. astronomy* 

49. Again, let light emanate from a luminous point 
situated between two plane mirrors and after incidence on 
one of them be reflected so as to fall on the second, and 
then back again on to the first, and so on; tiie position 
and number of the images of the luminous point formed 
by successive reflections are determined by some very sim- 
ple laws which we proceed to investigate. 

Let the mirrors, in the first place, be parallel ; and let 
be a luminous point somewhere between them. Draw 



^ 



a, 



^1 



Q^ 



AOB through O perpendicular to the planes, of the mir- 
rors, and produce it indefinitely in both directions. 

Take AQ^=^AO, BQ^=BQ^, AQ^=AQ^, 

and so on. Then, by Art. 19, Qi, Qs...are the geometrical 
foci of a pencil of light originally proceeding from and 
reflected, first, by the surface A^ then by the surface B, 
and so on, that is, they are the positions of the successive 
images of O, as seen by an eye placed anywhere between 
the mirrors, obtained by successive reflections, beginning 
with the surface A. 

Similarly, \t BP^^OB, AP^^APi, BP^^BP^.md 
so on; Pi, P,, Pg... are the positions of the successive 
images of O, obtained by reflection at B and A alternately^ 
banning with B^ 

A. G. 0. 4 
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Let now OA=a, OB=b, AB=Cy /. €=a + b. 
Then 0Qi=2a, 

OQz=BQ^-^BO=BQi + BO=2a + ^=2c, 
OQi=AQji-{-AO=AQi-^AO=2c+2a, 

And in this manner OQ^^ = ^nc, 

OCin+i=2«tf+2a. 
Similarly 0P^=2b, 

0P,=2c, 

OPi = 2c + 2b, 



0P^=2nc, 

OPsn+i = 2wc+2&. 



These formulse give the positions of the successiye 
images. 

It -is evident that d, Qa-.-Cja+i fall to the left of O, as 
alsodoPj:P4...P3j while Qj, G4...$sn,asalsoPi,P8...Pjn+i, 
fall to the right of 0, 

It follows from these formulse that 

GiA=G3^4=...=2c-.2a=26=OPi, 
and similarly 

<i^P^=Q,Ps= =26=OPi, 

•while the lengths Pg Q3, P4 Q5. . .Pi Qj. . . are all equal to OQi. 

If the point be midway between the mirrors a=b, 
and the saccessiye images will all be arranged along the 
line AOB^ eaeh image being at a distance c irom the 
nearest one. 

50. Let the luminous point be placed between two 
mirrors inclined at any angle. The images formed by sue- 
ciessive reflections will no longer be arranged in a straight 
line, but will, as we shall Bee, all lie on a pircle. 
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The figure represents sections of the mirrors by & plane 
pa3sing through the luminous point perpendicular to the 
planes of the mirrors. 




is the luminous point ; A, B are the lines in which the 
plane of the paper cuts the planes of the mirrors. Let 
these lines, produced if necessary, meet in (7. 

Draw 6>0i perpendicular to A and produce it to Qi as 
far behind ^ as 6> is in front of ^. Then Q^ is the image 
of O formed byreflection at A, Draw Qi, Q^ perpendicular 
to By and take Q^ a point as far behind B as Q^ is in ^bnt ; 
Qs is the image formed by light reflected first at A and 
then at B. 

In a similar way the positions of the succeeding images 
can be found, some portion of the light which emanates 
from any image formed by one mirror being incident on 
the other mirror. 

It is evident that if the position of any of the points 
Qi> Qs-.lies within that angle between the mirrors which is 
vertically opposite to the angje ACB, the light which, 
being reflected at either mirror, appears to proceed from 
this image cannot fall on the o^er minsoi* ; and no more 
images will be produeed. 

4h-2 
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It 18 clear from the constniction that CQi=CO, simi- 
larly that CQi = CQi , and so oti. Thus all the points Qi, Qs- • • 
lie on a circle whose centre is Cand radios CO. 

The same will be true of the images formed by snc- 
cessive reflections, if the first image be formed by reflec- 
tion at B, 

Let the angle between the mirrors AOB=y, 
and let the angle OCA=a, /.OCB^p, 

/. a+i3=y. 

Then 

JL0CQi=2a, 

L OCQ^= I OCB^ L BCQi-^ I OCB^ l BCQ^ 

= 2a + 2/3 = 2y, 

lOCQ^= lOCA^ lACQ^= lOCA^ iACQt=2y+2a, 

and so on we shall find that generally 

^OCQin =2wy, 

If Pi, P,... be the images formed by snccessiye reflec- 
tions beginning with the mirror B, we should similarly 
arrive at results 

/ 0CF^=2nyy OC7P^+i=2ny+2i3. 

51. We can easily investigate the nilmber of images 
which will exist for any given values of a, /3 and y. 

If the last image be an odd one, the point Q^+i must 
lie within the angle vertically opposite to ACB, therefore 

00Q^+i>7r-P<fr + a, 

•*. 2«y + 2a>7r-/3<«-+a, 

or adding ^-a to each side of these inequalitieB 

2«y+o+/3>w— a<ir+/3, 

2ny+y >Tr— a<«-+/3, 

.A.I n—a ir+B 
/. 2n+l> < -. 

y y 
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That is 2n+l is the int^er that lies between 



«■— >a 



y 

and ^^—^ . The difference of these fractions being ^^ 

y ^ y 

or unity, there is only one integer lying between them. 

If the last image be an even one we mnst similarly 
have 

,OOQ^>fr-a<n+p, 

.'. 2»y>«— a<7r + /3, 

_ ■ IT— a 7r + i3 
/. 2n> < -, 

y y 

In either case the number of images that can be 
formed is given by the integer that lies between and 

ir + fi 

y 

Similarly the number of images that can be formed by 
reflection first at B can be investigated. 

52. The Kaleidoscope furnishes a .good illustration of 
these articles. In that toy two mirrors are inclined at an 
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angle - to each other, and bits of coloured glass placed 

between them at one end of a tube, at the other end of 
which the eye is placed. 

Let GA, CB be the mirrors. Produce BG to F, and 
AG.io E, and draw GGD so as to bisect the angles AGF 
and BGE, 

Then Pi, Pj, P3 will lie in the angles BGD, GGF and 
FGE respectively, 

^1) Qi^ Qz hi the angles ^C6r, DGE, -&CF respectively. 

Also Pg and Q^ will coincide i for by the formulae of 
Article 50 

L OGQ2 measured from in a direction opposite to 

27r 
tliat in which the hands of a watch move = -^ + 20GAy and 

L OGP^ measured in the direction of the motion of the 

27r 
hands of a watch =~-\-2i 0GB, 

And the sum of these angles 

= ^|"-b2z 004 + 2/005 

o 
= ^ + 2 Z ^05= y + — = 2^. 

Hence P3 and Q^ coincide. 

Thus, if there be any arrangement, of coloured glass in 
the compartment AGB, this will be represented over again 
in the five compartments BGD, DGE, EGF, FGG, GGA, 
and the eye will see a regular six-fold, or rather three-fold 
pattern, since the figures will be inverted in alternate 
compartments. 

53. To trace the course of the pencil by which an eye 
placed in any position in the plane of the paper would see 
any one of the series of images, we must make the follow- 
ing construction. 

First, join the image in question vnth the eye; this 
joining Une obviously must be the direction of the light 
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when it enters the eye : secondly, join the point where this 
line cuts the mirror by which the image in question is 
formed, with the image next before it in order; this line is 
clearly the direction of the light before the last reflection. 

Proceed in this way to determine the direction of the 
light before each reflection till we finally arrive back at 
the original source of light 

Thus, if J^ be the position of the eye, and Q^ the third 
image. 



Qjf^'-zk- 




Join EQi cutting the mirror A by which Qj is formed 
in ff. Join HQ^ cutting the mirrcr B in JT. Join KQ^ 
cutting the mirror ^ in Z. Join LO, 

Then a ray of light proceeding from along OL will be 
reflected by A along LK, again reflected by B along KH, 
and finally reflected by A along HE to the eye. These 
lines will thus indicate the directions of the axes of the 
oblique pencils by which Q, is finally made visible to an 
©ye at B. j 



56 On Beflections at 



EXAMPLES ON CHAPTER IV. 

1. Eind the angle between two mirrors that a ray reflected 
at each of them in succession may be moving in a direction at 
right angles to its first direction. 

2. Shew that when an eye is placed to view any image 
formed by successive reflections at two mirrors, the apparent 
distance of the image from the eye is equal to the distance actu- 
ally travelled by the light in coming to the eye from the original 
point of light. 

8. A luminous point is placed at the centre of an equilateral 
triangle whose side is a, shew that the distance of the image 
formed by 2n reflections at the sides of the triangle in succession 
from the luminous point is na, and of that formed by 2n + l re- 
flections is a V »2 4- jh- ^. 

4. Eind the number of images formed when a bright point 
is placed between two mirrors inclined at an angle of 50*^. Where 
must the bright point be placed that there may be seven images? 

5. A luminous point moves about between two plane 
mirrors, which are inclined at an angle of 27^. Prove that at 
any moment the number of images of the point is 13 or 14 ac- 
cording as the point's angular distance from the nearer mirror is 
less or not less than 9^. 

6. Eind the number of images formed when the angle 
between the mirrors is 80^. Eind the positions of the point for 
which there are five images. 

7. Two luminous points are placed between two parallel 
mirrors, on a common perpendicular to their planes : the points 
are at equal distances from the two mirrors respectively. The 
distance between the mirrors being a, and between the luminous 
points c, prove that the distances of the images from each other 
will be alternately c and a-c. 

8. A plane and a concave mirror are placed opposite one 
another on the same axis at a distance apart greater than the 
radius of the mirror; a person standing with his back to the 
plane mirror, but close to it, observes the three images of the 
candle he holds in his hand which are formed by fewest reflec- 
tions of all that are visible to him. He moves the candle forwaaxl 
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till it coincides with the nearest image : prove that the other two 
images will coincide also at the same time. 

Prove also that if the person moves the candle further forward 
a distance x till it coincides with another image, at the instant of 
coincidence the first image will disappear, and if a be the distance 
between the mirrors, prove that the radius of the concave 
mirror is 



9. P is a point within the acute angle ^105 formed by two 
mirrors, and a ray PQR emanating from P is reflected at OA, 
OB in succession, and returns to P: shew that the length of its 
path is 20P sin AOBy and that OP bisects the angle QPH, 

10. TwQ small arcs of a circle at the extremities of a diameter 
are polished and a luminous point is placed in the diameter at a 
distance u from the centre. Shew that the distance v of the 
geometrical focus from the centre after m reflections is given by 
the equation 



1 / ^v,n(l 2m) 



the upper or lower sign being taken according as the first reflec- 
tion taJ&es place at the nearer or further arc. 

11. Two reflecting paraboloids of revolution are placed with 
their axes coincident and their concavities turned in opposite 
directions. Shew that the length of the path of a ray of light in 
going from any focus and returning to it again is constant. 
Also find the condition that the ray may retrace its couree, and 
shew that if one ray does so, all the rays will. 

12. A ray of light proceeding from a point in the axis of a 
right cone is incident on the inside of the cone which is polished. 
After a second refiection the ray retraces its path ; shew that the 
length of its path is 2A sin 3a ; h being the distance of the origin 
of %ht from the vertex, and a the semi-vertical angle of the cone. 

13. A luminous point is situated at the centre of the base of 
a hollow but perfectly reflecting vertical cylinder of very small 
radius, and a horizontal screen is held over the cylinder at a 
height above its upper end which is half as great again as 
the height of the cylinder. Prove that a series of alternately 
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darker and brighter rings is formed on the screen, the breadths of 
which are equal to the radius and diameter of the cjrlinder 
respectively. 

14. An eye looks along the axis of a glass cylinder at the 
other end of which is a black speck. Prove that the eye will see 
a number of dark concentric rings, whose centre is the axis 
of the cylinder ; and the number of which is the greatest integer 

in — . , where h is the height, a the diameter of the base of 

the cylinder, and /i the refractive index. 



CHAPTER V. . 

ON REFRACTION THROUGH PRISMS AND PLATES. 



54. rilHE method of determining the coarse of a 

-L single ray of light while passing through a 
series of media bounded by parallel planes has been folly 
enough indicated in Articles 14 and 15 ; we need not there- 
fore consider it farther, but proceed to the determination 
of the course of a ray of light in passing through a portion 
of a medium bounded by planes not parallel. 

55. A portion of a medium of which two of the boun- 
daries are planes inclined to one another at any angle, is 
called a prism. 

The line of interaection of these planes is called the 
edge of the prism. 

The planes themselves are called the faces of the prism, 

The angle between the planes is called the angle of the 
prism, or sometimes the refracting angle of the prism. 

56. When a ray of light passes from one medium to 
another, the angle between its direction in the first me- 
dium and its direction in the second medium is called the 
deviation qfthe ray. 

If a ray of light pass from one medium into another, 
and </>, (fi be the angles of incidence and refraction respec- 
tively, and ft be the index of refraction between the media, 
we have 

8in0=/isin<^^ 
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From this equation it is evident that as increases so also 
does (f/f and vice versd. 

It can farther be proved that as the angle of incidence 
increases, the deviation increases also. 

For sin 0=/* sin <^', # 

, sin ^ ~ sin <l> fi'^l 
'* sin^ + sin^'~/i + l' 

.,tan*^'=^tan*i^'. 
2 /A+1 2 

But as increases, so does ^', and therefore ■ • " ; 

whence ^ ^ increases with ^, 

But ~ 0' is evidently the deviation. Hence when a 
ray of light passes from one medium to another, the devia- 
tion increases as the angle of incidence increases. 

This proposition can also be proved geometrically. 

Let AB be any straight line produced to C. 




At A make the angle BAP=<I>\ and at B make the 
angle OBP=<l>; BP and AP will meet in some point P, 
since 4> and 4/ are unequal. 

The angle BPA is 0-0', that is, the deviation corre- 
sponding to the value CBP of 0. 

Now sin = /i sin 0'. 

Ti 4. sin _ sin (7gP AP 

^ Binfli:'' Bin CAP "'BP' 

Hence AP=fi.BP. 
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Find a point E between A and B, such that AE= ii .BE^ 
and another point F beyond AB, such that AF=fi*BF, 

Then (Euclid, Book vi., Props. 3 and A) EP bisects the 
interior angle APB of the triangle APB, and FP bisects 
the exterior angle at P of the same triangle. Hence EPF 
is a right angle, and the point P must therefore lie on a 
circle described on EF as diameter. 

Take any point Q on this circle, nearer to F than P. 
Then the angle AQB will be the deviation corresponding 
to the valne QBF of ^. But if we describe a segment of 
a circle through A, B and P, and another through Ay B 
and Qy it is clear that above AB the latter segment must 
lie entirely outside the former, and the angle in it will be 
less. Hence the angle AQB is less than the angle APB, 
that is, the deviation increases with 0. 

57. When a ray of light passes through a prism of 
denser material than the surrounding medium, in a plane 

Fig. (1). 




perpendicular to the edge of the prism, the deviation on 
the whole is from the edge. 

Let the plane in which the light passes be the pldne of 
the paper. Let A be the point in which the edge of the 
prism meets the plane of the paper, and PQBS be the 
course of the ray of light 

We have three cases. 

(1) When the normals at Q and R meet within the 
prism, as in fig. (I). In this case, since in passing into a 
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denser medium light is bent nearer to the normal, the de- 
viation at Q is eyidently away from the edge, and likewise 
that at B, Hence, on the whole, the deviation is from the 
edge. 

(2) Let the normals to the faces at Q and R meet 
without the prism as in fig. (2). 




The deviation at Q is towards the edge, that at R is 
from it. 

The angle QRO is greater than the angle RQN, 
Hence, by Article 56, the deviation at R is greater than 
that at Q. 

Hence, on the whole, the deviation is from the edge. 

The same is the case, if the ray proceeds in the direc- 
tion SRQP, instead of PQRS, 

(3) Let the normals at Q and R meet on one face 
of the prism, as at Q in fig. (3). 

Then the ray is itself the normal at the point where it 
meets one face of the prism, and therefore at that point 
suffers no deviation. At the point where it meets the 
other face, its deviation is from the edge. Hence, on the 
Yrhole, the deviation is from the edge. 
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Fig. (3). 




58. It is usnal to call the angle of incidence of the ray. 
on the first face </>, the corresponding angle of refraction 
4), the angle of incidence within the prism on the second 
face yfr, and the angle which the emergent ray makes with 
the normal to the second face ij/. We then obviously have, 
if fi be the refractive index between the external medium 
and the prism, 

sin(/>=fisin^', 

sinifr=/iisinif/. 

59, It is usual and convenient to consider ^ and ^ 
positive, if they are measured on the side of the normals to 
the respective faces away from the edge, and negative, if 
measured on the side of the normal towards the edge, 0^ 
and yfr^ are then considered to have the same signs as 
and yjr respectively. 

1 

With this convention we can shew that the algebraic 
sum of the angles which the ray inside the prism makes 
with the normals to the two faces is equal to the angle of 
the prism. • 

Referring to the figures in Article 57, we see that in 
figure (1), 

= l8(f -RNQ 
=RAQ. 
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In fig. (2) (j) is measured towards the vertex, and ^ and 
^' are consequently nQgative ; 

/. 4,'+^=QR0-RQN=RNQ=RAQ, 
since a circle will go through the four points Ay R, Q, N, 

In fig. (3) 6'=0, 

it'=NRQ=^9(f-QRA=RAQ, 

The angle of the prism may be denoted by i ; we hare 
therefore always, with the above convention as to signs, 

60. We can now give a simple expression for the de- 
viation of a ray in passing through a prism. 

The deviation of the ray at the first surface is evidently 
^—0', i&om the edge if ^ is measured from the edge, and 
towards the edge if ^ is measured towards the edge. 

If we agree to consider a deviation from the edge as 
positive, and to retain the convention of the last Article as 
to the sign of ^, the deviation at the first surface will be 
algebraically 

0-0'. 

Similarly the deviation at the second refraction will be 
algebraically 

Hence the whole deviation will be 

0-0+V^-i^' 

bj the last Article. 

If the ray is incident at a small angle on a prism of 
small angle, so that i and are small, it follows that 0' is 
small, and Uierefore '^', and therefore V^. 
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Hence, since the sines of small angles are yery nearly 
equal to their circular measures, we have approximately 

=/**—»=(/*— l)t. 

61. The deyiation of a ray in passing through the 
prism depends on and V^. These quantities are con- 
nected by the relations 

sin0=fisin0', 

sin'^=fAsinV^', 

where tj/ and '^t are connected by the relation 

We may thus consider D really to be a function of ^, 
for its value will be given for any given value of <^, and will 
change if be changed. There is one value of <^ for which 
the deviation 2> has a less value than for any other value, 
and this minimum value of the deviation we proceed to 
investigate. 

62. We know, from Art. 56, that the deviation of a 
ray in passing from one medium into another increases as 
the angle of incidence increases. 

Let now 0^— a, 0', 0' + a be three angles of refraction 
corresponding to values 0i, </>s, 03 of the angle of incidence, 

.'. 8in0i=fisin(<^'-a), 

sin<^,=/bisin0', 

sin 03 = ft sin {(f) -f a), 

/. sin0i + sin08-=fisin(0' + a)+ftBin(0'-a), 

. 2gin*i±*3 cos *?^=2Msin 0'co8a, 

=2smfl>fQOBa (1). 

Now by Art, 56, 

A. e. 0. 5 
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.: sin ^^>8in</), by (1), 

.'. {*8-(*' + a)}-(<^.-<^0>(<^.-<^0-{<^i-(<^'-a)}. 

That is, when the angle of refraction increases from 
<l)' to <l>^ + af the deviation is more increased than when 
the angle of refraction increases from <^'— a to (f/. 

Now let a ray pass through a prism whose refracting 
angle is i so that <^ = ^^ ; therefore also <^' =>(r' = - . 

Let ^ be increased, so that t^ is increased and becomes 
- + a. It follows that ^y becomes „ — a. 

Hence the deviation is increased at the first surface 
and diminished -at the second, but is more increased at the 
first than it is diminished at the second. Hence on the 
whole the deviation is increased. 

Similarly if <^ be diminished, so that <^' becomes 5" ^ 

and ^ consequently becomes ^ + a, the deviation is more in- 
creased at the second surface than it is diminished at the first. 

Hence the least deviation is obtained when <^=>fr, and 
consequently <^' = V^' == 5 . 

If 2>i be the deviation in this case, we have- 

:, sin-^^^^/ism^, 
whicb determines D^, 
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63. Having discussed the effects of refrfu;tion through 
a plate or a prism on a single ray, we have now to consider 
the modifications produced by such refractions in a pencil. 

We consider, first, the case of a pencil directly incident 
on a portion of a medium bounded by two parallel planes. 
Such a portion is frequently called a plate. 

Let Q be the origin of the pencil of light, QA the axis 
oi the pencU, which will be also the normal to the first sur- 




&ce at A, and to the second surface at By. since the pencil 
is directly incident 

Let q be the geometrical focus of the pencil after the 
first refraction into the medium, fi the index of refrtu^tion 
from the external space into this medium. 

Theuy by Article 24, 

Aq=fi,AQ, 

The pencil after the first refraction may be supposed to 
be a cone diverging from q, and incident on the external 
medium. The index of refraction from the plate into this 

external medium will, by Article 14, be - . 

Hence, if J* be the geometrical focus after refraction 
into the external medium again, we have 

1 



Let 



BF=-.Bq. 

AQ=u, AB=ty AF=^v, 
.*. Bq=Aq-¥t 



5—2 
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Thus 



And 



or 
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= AQ+-. 



AF^AQ+—t 



^AQ'-tA 



-1 



9=U—t, 



M-1 



Hence to an eye on the left of B^ the image of the point 

of lightat Q appears nearer than Q by adistance t.- — . 

/* 

64. Secondly, let a pencil be obliquely incident on a 
plate, and pass through it 

In this case, after the first refraction, the pencil does 
not approximately diyeiige from a point; and we must se-' 
parately consider the effect of the refraction on those rays 
of the pencil which lie in the primary and secondary planes 
(Arts. 40, 41). 

Let QA be the axis of the pencil incident on the plate 
at ^ at an angle ^, AB the direction of the axis of the 




a." „ 



\ 



pencil when refracted into the plate making an angle 4^ 
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with the noimal at A, and BC its direction when finally 
emeigent; BO is evidently parallel to QA. 

Let qi, q^ be the primary and secondary fod of the pencil 
after the first refraction. 

Then, by Art 44, if ^Q be tc, and ^ be the index of re- 
fraction into the plate, 

Aqt=ii.Uy 



. C08'6' 

^"^ '^ cos'^ 

After this refraction we may consider those rays which 
lie in the primary plane to diyerge from q^, and be incident 
on the second sur&ce of the plato at an angle ^', the re- 

fractiYe index being - . 

If Qi be the focus of the rays in this primary plane 
after the second refraction, we have again 



I C08*<A/„. COS^^ \ 

fM, COS*^'\ '^ cos*^ / 



But if t be the thickness of the plato, 

t 



AB= 



cos^' 



* J 



whence J?©i=-. — i?,+M (l\ 

* /i cos*^ ^ ^ 

Again, after the first refraction, we may ccmsider the 
rays which lie in the secondary plane, to diveige from q^ 
and fjBJl on the second surface, and be there refracted 

agafai, the refractiye index being - . 



70 On Befrdction 

Hence we have, if Q, be the focus of the rays in the 
secondary plane after this refraction, 

r 

r 

t 

7 + M. 



/iCOS^' 



Those rays of the emergent pencil which lie in the 
primary plane, approximately diverge from a point Qifend 
the rays in its secondary plane approximately direi^ge 
from a point Q^ 

It is easy to see that the general form of such a pencil 
must nearly be the same as that of a pencil after one 
oblique refraction, as described in Art. 42, and that there 
will be a circle of least confusion determined, as in that 
Article, from the positions of Qi and Q^. 

65. We haye finally to determine the form of a pencil 
after oblique refraction through a prism. 



Let QA be the axis of such a pencil, incident on the 
first fieu^ of a prism, refracted along ABy and finally emer- 
gent along BC» 

Let <^, ^, ^', ij/ have the meanings assigned to them in 
Article 58. 
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Also let ^1, ^s be the foci of the rays in the primary 
and secondary planes respectively after the first refraction, 
Qif Qi the corresponding foci after the second refraction. 

Let AB=c, AQ=tL 

Then, by Art. 44, for the first refraction, we have 

^* '^ CO8*0 ' 

Aq2=fiu, 
And from the second refraction, remembering that the 
index of refraction is - , we have 

/* 
_j^ _ cosy. cos ^<^^ C OO^hj/ 

.'. ^^i-» -cosy. 008=^0 "^;i'i;iiY' 

BQi=tt + -. 

It is usual to consider the axis of the pencil to pass so 
near to the edge of the prism, or else the size of the prism 
to be so small, that AB may be neglected in comparison 
with the other distances. This will generally be a tolerably 
accorate supposition in practical work. We tlien get 

„^ cosV'CosW 
BQ^-u,- J.— oil, 

BQ^=u. 

These equations give the foci of the rays in the primary 
and secondary planes of the emergent pencil respectively. 
The circle of least confusion can be deduced, as in Art. 42, 
in accordance with the remark at the end of Art. 64. 

If the axis of the pencil be incident so as to pass 
through the prism with minimum deviation, 

<^=Vr and 0'=-^', 
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we then get 

that is, the rays in the primary and the secondary planes 
diverge approximately from the same point. Thus the 
whole pencil may be considered in this case approxi- 
mately to diverge from one point at a distance ft^m the 
edge of the prism eqaal to that of the original point of 
light 



EXAMPLES ON CHAPTER V. 

1. Shew that if the angle of a prism be greater than twice 
the critical angle for the medium of which it is composed, no ray 
can pass through. 

2. A ray of light is incident upon one face of a prism, in a 
direction perpendicular to the opposite face. Shew that, • the 
angle of the prism being less than 90^, the ray will emerge at the 
opposite face if cot i > cot a - 1, where a is the critical angle for 
the medium of which the prism is composed. 

8. If a ray be incident nearly parallel to the first surface of 
a prism and emerge at right angles to that surface; prove that 

cot t + 1 = /JfJi* - 1, i being the angle of the prism, and fjL the re- 
fractive index. 

4. Rays are incident at a given point of a prism so as to be 

refracted in a plane perpendicular to its edge. If i be the angle 

of the prism and a the criUcal angle, show that the angular space 

within which rays may be incident so as to pass through the 

, Jsin (t-o)) 
pnsm IS cos^ J — h j. 

5. If the angle of a prism be 60^ and the refractive index ^2, 
shew that the minimum deviation is 80®. 

6. The angle of a prism is 60® and the refractive index |. 
Shew that the minimum deviation of a ray of light passing 
through it is nearly 87® W; havmg given that sin 48® 85'= '76 
nearly. 
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7. If D be the minimum deviation for a prism, whoM re- 
fraotire index is /i and angle %, prove that 

cot - + cot -5^=^ cosec — . 

8. If Di be the minimum deviation for a prism of angle », 
and 2>, that for a prism of the same material of angle 2^ prove 
that 

2 cos ( t+— ^"7 — ^)*"°'~^ — ^~""*"2 

9. A ray passes through n equal prisms, in each case with 
minimum deviation. If its final direction is parallel to its direc* 
tion at incidenoe, and it be moving towards the same part, 
I«ove that with the usual notation 

fism— sm« 

tan0= , »=2 tan"^ 



fi cos — 1 /A - cos — 

91 11 

10. If the angle of a prism be 60<>, and the refractive index 
>/{i find the limits between which must Ue that the ray may be 
able to emerge at the second face. 

11. If be the angle of incidence on a prism, ^ that of 
emeigence^ • the refracting angle of the prism, and /i the refrac- 
tive index, prove that 

/i' sin' •=(sin ^+oos tsin 0)'+an' % . sin' ^ 

12. A small pendl of rays is refracted through a prism in a 
principal plane. Shew that if the emergent pencil diverge from 
a point, 

e tan' yjf 



/i tan* - tan* ^ ' 

Vf 0} ^> c having the meanings given to them in Art 65. 

18. The minimum deviation for a prism is 90^. Shew that 
the least value possible for the refractive index is V2. 

14. If the minimum deviation for rays incident on a prism be 

a, the refractive index cannot be less than sec ^, and the angle 

of the prism cannot be greater than ir- a. 

16. Two parallel rays are incident on one face of an isosceles 
prism at an angle ^ and emerge at right angles, one of them 
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having been reflected at the base. If i be the angle of the prism, 
«nd /A its refracUve index, prove that 

sm 20= (1 - /i^ sin' t) sec i, 

16. Shew that when a prism of glass of small refracting 
angle is immersed in water, the deviation of a ray passing through 
It is only one-fourth of what it is in air. 

17. Shew that when a ray of light enters a medium whose 
refractive index is V^y i^ greatest deviation is 45K 

18. A small pencil of light is obliquely refracted through a 
plate of thickness t. The angle of incidence being tan~^/i, show 
that the distance between the secondary focus after emergence, 

and the original point of light is ^ . t. 

19. The angles at the base of a triangular prism are 0-^ 
and 20, where sin 0= fi sin 4>; a ray of light falls on the shorter 
side of the triangle, the angle of incidence being on the side of the 
normal next the vertex : show that the ray after reflection from 
the base and the other side will emerge from the base in a 
direction parallel to its original direction ; and that unless sin'9 is 
greater than sin 0, the second reflection will not be total. 

20. A ray of light is refracted through a sphere of glass in 
such a manner that it passes through the extremities of two 
radii at right angles to each other. If ^ be the angle of inci- 
dence, and D the deviation, prove that 

sin(20-i>) . sin D^/i^-l. 

21. If n equal and uniform prisms be placed on their ends 
with their edges outwards, find the angle of each prism that a ray 
refracted through each <A them in a plane perpendicular to tiieir 
edges may describe a regular polygon. Shew that the distance 
of the point of incidence of such a ray on each prism from the 
edge of the prism bears to the distance of each edge from the 

common centre the ratio of . /( |t*-2/icos— +1 j to /i+1. 

22. Prove that in prisms of the same material, as the re- 
fracting angle increases the minimum deviation also increases. 



CHAPTER VI. 

ON BEFRAGTION THBOUGH LENSES. 



66. A PORTION of a transparent mediam bonnded 
-£\- by surfaces, two of which are surfaces of reyo- 
lution with a common axis, is called a lens. 

In all cases that we shall have to consider, these sur- 
fsuces of revolution are spheres, and the portion of the 
mediam is symmetrical with respect to the line joining the 
centres of the spheres, being either entirely bounded by 
the surfaces of the spheres, or by them and a cylindriaJ 
surface, whose axis is the line joining the centres of the 
spheres. 

The spherical surfaces are called the faces of the len& 

The line joining the centres of the spheres is called the 
axis of the lens. 

Lenses of different forms are distinguished by names 
indicating the nature of their bounding surfaces with re* 
spect to the external medium. 

A lens, of which both spherical boundaries are conye^t 
towards the outside, is called a double convex lens. 

A lens, of which one fiEice is convex, and the other con^ 
cave to the outside, is called a convexo-concave, or con- 
cavo-convex lens, according as the light falls first on the 
convex or concave face respectively. 

A lens, of which one face is convex, and the other 
plane, is called convexo-plane or plano-convex. 
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The terms doable concaye, ooncayo-plane, and plano- 
concave, are intelligible without &rther explanation. 

A lens, which is on the whole thicker at the middle 
than at the borders, is called generally a conyex lens, 
while one, which is on the whole thinner at the middle 
than at the borders, is called a concave lens. 

A concavo-convex or convexo-concave lens, which is 
thicker in the middle than at the borders, is sometimes 
called a meniscus. 

67. A pencil is incident on a lens of small thickness in 
such a manner that its axis before refraction coincides with 



j^ i ii 



the axis of the lens. It is required to find its geometrical 
focus after refraction through the lens. 

It is clear that the axis of the pencil, after refraction 
into the lens, and again after emeigence, will still coincide 
with the axis of the lens. 

Let Q be the origin of light, QAB the common axis of 
the pendi and the lens. Let r, « be the radii of the first 
and second surfaces of the lens resx)ectively, /i the refrac- 
tive index from the external medium into the lens. 

Let q be the geometrical focus of the pencil afber the 
first refraction, ^its geometrical focus after emergence. 
Let AB, the thickness of the lens, be so small that we may 
neglect it in comparison with AQ and AF, 

Let AQ=u, AF=zv. 

Then for the first refraction, by Article 29, we have 

Aq^ u r 
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For the second refraction we may consider the pencil to 
diverge from q^ and ^ to be its geometrical focus, and re- 
membering that the index of refraction from the lens into 

the external medium is -, we have 



or 



1 






AF 


1 


1_ 


Aq" 


« 



adding this to the former equation we have 

i-^^-'a-i) (» 

If the original pencil consist of parallel rays, u is in- 
finite, and if the corresponding yalue of v be/, we have 

>c->e-i) (»^' 

This quantity /is called the focal length of the lens, 
and the geometrical focus of a pencil of parallel rays 
incident on the lens parallel to the axis, is called the 
principal focus of the lens. 

The points Q and F are called conjugate focL By 
means of formula (2) the relation* (1) can be written 

i-i->-' ■•-<» 

If the thickness AB be not neglected, and u be 
measured from A, and v from B, the second equation 
becomes 



whence 



1_ 

V 


Bq" 8 ' 


Bq 


1 

V » 
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also 


• 


Aq 1 
u r 


Hence if ^^= 


=tf we obtain 






Aq t I 1 







(*)• 



The formulae (1) or (3) are however sufficiently accurate 
in almost all cases, and will be used hereafter. 

68. It is easy to see that if r and s haye opposite signs, 
the lens is double concave or double convex. In the for- 
mer case r is positive and s negative and therefore / is 
positive. Similarly in the latter case /is negative. 

If r and s be both positive, the lens is concavo-convex, 

and / will be positive or negative according as - >- or < - , 

that is, as the curvature of the first face is greater or less 
than that of the second, that is, according as the lens is on 
the whole concave or convex. 

If r and s be both negative, the lens is convexo-concave, 
and it will again appear that / is positive or negative ac- 
cording as the lens is on the whole concave, or on the 
whole convex. 

Thus we can say generally that 'the fbcal length of a 
concave lens is positive, and the focal length of a convex 
lens is negative. 

69. There is one case oi a lens, having a thickness 
which may be called considerable, that possesses some prac- 
tical interest, namely, when the bounding surfaces are 
portions of the same sphere. 



~0 TZ JTT' 
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In this case it is conyenient to use the formula of 
Art 37, so as to have the same point of reference for the 
two refractions. 

Let O be the centre of the sphere of which the feces 
of the lens are portions; let Q be the origin of light and 
^ and q the foci after refraction at the first and second 
surfaces respectively. Let OQ =p, Oq = q, and OA = r. 

For the first refraction, we have 

^_ J- ='L":i, 

p Oq" r 

For the second refraction, remembering that the re- 
fractive index is -, and the radius OB, being drawn to the 
left from O^ must be considered negative, we have 

1 

Oq" q 



1 



-.^ = ^ 




Oq^ q r ' 

.'. adding these equations, we have 

/. /i^ 2(^-l) 
p q r ' 

.^. 1 1^ 2(m-1) ^ 
" q p fir ' 

A lens of the above form has the advantage that any 
line through O may be considered as its axis, and thus 
pencils from any point may be considered as directly 
incident. Such lenses have accordingly been sometimes 
used as simple magnifiers instead of the ordinary lenses 
(Art 86). 

70. The changes of relative position of the coiyugate 
fod of a lens can be traced out in a similar manner to that 
adopted in Article 34. 
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We will take the case of a concaye lens, when conse- 
quently/is positiye. 

From the formula 

we see that as u increases, so must 9 ; and if u decreases, 
so must 9. Hence the coxyugate fod moye in the same 
direction. 

Take a point ^i in the axis of the lens, in front of the 
lens at a distance/ from A^ and also a point F^ behind the 
lens at an equal distance frt)m A, 



When Q is at an infinite distance to the right of A^ the 
incident rays are parallel, and u is infinite ; we thus get 
»=/or^isat-Pi. 

As Q trayels up towards Ay F also trayels towards A, 

and when u is yery small, - being yery large> it follows 

u 

that - is yery large, and therefore v is y^ small. Hence 

when Q gets to ^, ^ also arriyes at A. 

When Q passes to the left of ^ so that u is negatiye, 
V will be negatiye until u id numerically equal to/ which 
is the case when Q is at F^, Hence while Q trayels from 
A to F^ F trayels from ^ to an infinite distance to the 
left. 

When Q is at ^„ tt= — / and therefore f?= oo . Hence 
the refracted pencil consists of parallel rays. 

As Q trayels to the left of F^ u is negatiye and 
numerically greater than /. Hence v is positiye and F 
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travels up from a great distance to the right, towards F^; 
which point it reaches when Q has gone to an infinite dis- 
tance to the left and the incident rays are again parallel. 

The student can exercise himself in tracing the changes 
of position of Q and Fisl the case of a convex lens. 

71. Before discussing the form of an oblique pencil 
after refraction through a lens, we must investigate the 
position of a point which is known as the centre qfthe lens. 

The centre of a lens is the point in which lines join- 
ing the extremities of parallel radii of the two bounding 
smfaces cut the axis. 

This point is one of the centres of similitude of the two 
spherical surfaces ; we proceed to find its position. 

Let BAO-fi^ be the axis of the lens, O^P any radius of 
the first sur&ce; O^Q 2 parallel radius of the second 
surface. 




Ox O, 



Let QP or QP produced meet BAO^O^ in C. Then C 
is the centre of the lens and is a fixed point whatever pair 
of parallel radii we employ. 

Let AB the thickness of the lens =t^ AOi^r, BO^-s. 
Then by similar triangles 

COi : CO^ :: OyP : O^Q 

:: r : *, 



A. 0.0. 
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If ^ be very small, AC is very small and the centre 
nearly coincides with A or B. 

The centre of a lens, determined as above, has the 
following important optical property. 

Any ray passing through a lens in such a manner that 
its direction, while within the lens, passes through the 
centre, will on emerging from the lens have a direction 
parallel to its direction when incident on the lens. \ 

This follows at once from the fact that the normals at 
the two points where refraction in this case takes place are 
parallel, and therefore the effect on this ray is the same as 
if it had been refracted through a plate. 

72. We have now to distinguish between the cases of 
oblique refraction through a lens. 

' First, centrical re/rctction, when the central ray or axis 
of the pencil passes through the centre of the lens after 
refraction at the first surfEu^e. 

In this case the axis of the pencil undergoes no devia- 
tion. Refraction through a lens is usually centrical when 
light from any natural object falls upon the lens so as to 
fill up its whole surface. It may happen however, as in 
Galileo's telescope (Art. 98), that only a portion of this 
light is utilised afterwards for purposes of vision, in which 
cane we have an example of the second kind of oblique 
refraction or 

Excentrical r^raclion : A pencil is said to be exoen- 
trically refracted through a lens when the axis of the pencil, 
while within the lens, does not pass through the centre of 
the lens. 

The axis of such a pencil does therefore undergo devia- 
tion in passing through the lens. 

Excentrical refraction usually takes place when light 
from an ima^e formed by reflection or refraction falls on 
a lens. The light emitted by such an image differs from 
that emitted by a real object in that it only can diverge 
from the image in the lines in which it had previously 
isomerged to form the image. Hence the pendi of light 
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from any point of such an image is limited by its own 
nature, and not by the lens on which it falls. 

73. We can now discusa the form of a pencil obliquely 
and centrically refracted through a thin lens. 




Let Q be the origin of light, and let ^i, q^ be the pri- 
mary and secondary foci after the first refraction. Let Qi, 
<2t be the primary and secondary foci after the second re- 
fraction. 

Let <^ be the angle of incidence of the axis at the first 
surface, which is also the angle of emergence at the second. 

Let us suppose the lens so thin that A, B and G niay 
sensibly coincide, and let fi be the index of refraction into 
the lens ; 

that (7Q=««, CQi=ri, CQ^^v^ 

Then for the first refraction, by Art. 46, 

/i COS*<^' CO8*0 _ ft cos <^^ — cos <^ 

Cqx u ~ r ' 

ft 1 _ ft 008 <l> — COS <f> 

Cqx u~ r 

Again for the second refraction, remembering that the 

6—2 
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index of refraction is - , and that 4/ is the angle of in- 
ddence, and <^ that of refraction, we have 

- . cos^^ - , , - cos — cos ih' 
fi ^ cosV^ M 

- - cos A— cos 

Multiplying these equations by /i, and adding to the 
former pair, each to each, we have 

oos*<f> cos*<f> , ,, ,./l 1\ 

—^ ^=0*cos^-cos^)^---j, 

i-i=O*cos0'-cos^)g-i). 

If be small, which is usually the case in practice, 
cos (^ and cos <t> may be taken as unity and we obtain 
f 1 a v^. Each of these quantities has the same value as that 
of r in the formula for a direct pencil, namely 

i u /" 

74 The exact investigation of the form of a pencil 
after excentrical refraction through a lens is much too 
difficult for an elementary treatise. It will be sufficient to 
consider any such pencils as small portions of centrical 
oblique pencils. 
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Thus if QR be the axis of a pencil excentrically incident 
on a lens at i2 ; we may consider this pencil as a portion of 
a large oblique pencil, whose axis is QC, C being the centre 
of the lens. 

m 

If Qi be the focus of this larger pencil, determined in 
accordance with the remark at the end of the last Article, 
Qi will lie in CQ and will be approximately the focus of 
the smaller pencil after refraction. 

Thus we shall assume that when a small pencil is ex- 
centrically refracted through a lens, after refraction it di- 
yeiges from, or converges to, some point in the line joining 
the origin of light with the centre of the lens. 

75. We have thus &r considered refraction through 
one lens only. There are two cases in which it is im- 
portant to consider refraction through two or more lenses. 

The first case is that of centrical refraction through two 
thin lenses haying the same axis and placed in contact with 
each other at their centres. 

Let a direct pencil be incident centrically on such a 
combination. Let/x be the focal length of the first lens,/, 
that of the second. 

We shall suppose the lenses so thin that their centres 
may be supposed coincident In almost all cases that oc- 
cur, the thickness of the lenses is a very small quantity 
compared with the other lengths that are involved. 

Let u be the distance of the origin of light from the 
common centre of the lenses, 1/ the distance from the same 
point of the geometrical focus after refraction through the 
first lens, and v the distance of the final geometrical focus 
from the same point 

Then we have by Art 67, equation (3), 
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.*. adding 

^ u fi A' 

If i^be the focal length of a single lens which, if placed 
with its centre at the same point as the common centre of 
the above lenses, would produce the same refraction in the 
pencil, we have 

l-l = i 



therefore 






The lens whose focal length is F is sometimes said to be 
equivalent to the combination of the two lenses. 

A similar formula will easily be seen to hold for the 
focal length of a lens equivalent to any number of lenses 
with a common axis, placed in contact*. 

76. The term equivalent lens is more usually defined 
in the following manner. 

One lens is said to be equivalent to a combination of 
two or more lenses having a common axis, when it pro- 
duces the same deviation in the axis of an excentrical 
pencil- incident parallel to the axis, as the combination 
does, the equiv^ent lens being placed in the position of 
that lens on which the light falls first. 




I^et/i, /i l)e the focal lengths of the lenses, PQ the axis 
of a pencil incident excentrically at Q on the first lens, PQ 
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being parallel to the common axis of the lenses. Let QR, 
RS be the directions of this axis after refraction through 
the first and second lenses respectively, meeting the axis 
of the lenses in E and H respectively. Let A, B be the 
centres of the two lenses and let AB=a. 

Then, PQ being parallel to the axis of the lens A, we 
have AE =/i. 

Also, since we may consider QR to be a ray of a pencil 
proceeding from E and incident on the second lens, we 
have 

Jl 1_^ 1 

£H BE /a' 

1 __J_ 1 
BH-f.-^a'^A' 

•• ^^=W'M w 

Again if i^ be the focal length of the required equiva- 
lent lens, and we draw QK parallel to HRS to meet BA 
in JT, it is clear that AK=F, since the equivalent lens, 
placed with its centre at ^, is to bend the ray PQ so as to 
be parallel to RS. 

Also if we suppose the curvatures of the lenses small, 
we have by similar triangles 

AQ^AE^ A 
BR BE /i+a* 

AQ AK 



Also 



BR" BH' 



fi + a A+A + a 



by (1), 



.^ 1 Vi+/,4-« ^l , 1 , « (2). 

We have drawn a figure in which both lenses are concave 
and consequently F^A ^^^A fti'e all positive. In the most 
important cases in practice the reverse is the case,^ and/^ 
and consequently /'being n^;ative. 
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The formula giving the numerical yalue of jP in tenns 
of the numerical values of the focal lengths of the two 
lenses is deduced from (2) by altering the signs of F^fi^f^, 

We thus have, 

i - 1 i - -^ . . 

i^"/xV. AA ^^^' 

Either of these formulae includes that of the last Article, 
which may be deduced by making a to vanish. 

Any other case of refraction through a number of lenses 
maybe similarly treated ; by considering the point to which 
the pencil converges, or from which it diverges after refrac- 
tion through one lens, as the origin of the pencil incident 
on the next lens, the geometrical focus after refruction 
through any number of lenses can be determined. 



EXAMPLES. CHAPTER VI. 

1. Prove that the centre of a Iods, of which one boundmg 
surface is a plane, lies on the curved surface. Also that the 
centre of a double concave or double convex lens lies within the 
lens. 

2. A concave mirror, of radius r, has its centre at the centre 
of a convex lens, and the axes of the two coincide. If/ bd the 
focal length of the lens, and if rays proceeding from a point at a 
distance u from the lens, after refraction through the lens^ reflec- 
tion at the mirror, and a second refraction through the lens, 
emerge as a pencil of parallel rays, prove that 

12 2 

-+-=7. 
u r f 

8. A sphere of glass, of radius R, has a concentric spherical 
cavity of radius r. A pencil of parallel rays is directly refracted 
through the shell. Shew that the distance of the geometrical 
focus from the centre of the spheres after emergence is 

\ II Rr 
^ ^ng the index of refraction. 
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4. > A hemisphere of glass has its spherical surface silvered ; 
light is incident from a luminous point Q, in the axis of figure 
produced, on the plane surface. Shew that if 9 is the geometri- 
cal focus of the pencil after refraction into the hemisphere, re- 
flection at the silvered surface and agtlin refraction out of the 
hemisphere, 

A being the centre of the hemisphere, its vertex, and /t the 
refractive index of glass. 

5. The ends of a glass cylinder are worked into convex 
spherical surfaces whose radii are equal to the length of the 
cylinder, and whose centres are at the ends of the axis of the 
cylinder. Prove that the geometrical focus of a pencil after 
direct refraction through the ends of the cylinder is determined 
by the equation 

V u~ r * 

where u and v are measured from the face nearest the origin of 
light, and r is the length of the cylinder. 

6. A ray of light is incident on a portion of a refracting 
medium in the shape of a prolate spheroid, parallel to the axis. 
The exoentricity of the generating ellipse of the spheroid being 

- , shew that the deviation of the ray after emergence at the 

opposite side will be twice the angle which the normal at the 
point of emergence makei9 with the axis. 

7. A solid transparent sphere is composed of a small solid 
sphere of radius a, and two concentric spherical shells each of 
thickness a. The refractive indices of these beginning from the 
centre are 4i/i, 2fij /i, respectively. A pencil of rays is incident 
directly on the sphere and, after refraction through all three sub- 
stances, on emerging diverges from a point on the outer surface. 
Shew that the incident pencil converges to a point whose dis- 

tance from the centre of the sphere is — ^ . 

fit ^r * 

8. Shew that the focal length of the sphere formed by two 
equal hemispheres of glass of different kinds, is equal to the 
fooal length of an equal sphere of glass whose refractive index is 
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It harmonio mean between the refractive indices of the two hemi- 
spheres. 

9. From a cubic inch of glass (M=f) the inscribed sphere is 
removed, a film of glass remaining at the points of contact. The 
cavity is filled with water (/*=!)• A bright point is placed on 
the axis at a distance of one inch from one face of the cube. 
Find the geometrical focus after refraction through the cube. 

10. A hollow spherical shell of glass (M=f) is filled with 
water (^1=^). Shew that a pencil of parallel rays after passing 
through the whole will converge to a point at a distance from thft 

surface of the glass equal to (r + <) 7-^ — -. where r is the radios 

of the water sphere, and t the thickness of the glass. 

11. The front surface of a mirror is spherical, the back, 
which is silvered, is plane. If a, /9 be the distances from tbe 
centre of the mirror of the two images of a luminous point placed 
in the axis of the mirror, which are formed by reflection at the 
back and front of the mirror respectively, shew that 

- + -=constant, 
a ^ 

the thickness of the mirror being neglected. 

12. A transparent sphere, radius a, is silvered at the back, 
and there is a speck within it, half way between the centre and 
the silvered side. Prove that the distance between the images 
formed, (1) by one refraction, (2) by one reflection and one refrac- 
tion, is 

2au» 

(3-m)(m-1^' 

13. A lens is placed at the centre of a concave mirror, the 
axes being coincident; a pencil is incident directly on the lens, 
and after refraction is reflected at the mirror and again refracted 
through the lens : prove that the last geometrical focus is the 
same as if the pencil had been once reflected at a mirror coinci- 
dent with the image of the concave mirror formed by the lens. 

14. Tbe focal length of a double equiconcave lens, whose 
refractive index is f , is five inches ; prove that the distances from 
the lens of the images of a distant object formed (1) by reflection 
at the first surface, (2) by one reflection at the second surface, 
(8) by two reflections at the second surface, are 2^ inches, l^incb, 
and \ inch respectively. 
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15. Prove that if a double conTez lens be oonstruoted with 
each of its surfaces a hyperboloid of revolution with excentrioity 
equal to the refract! to index, a pencil of rays diverging from the 
external focus of one surface will be aocuraUly refracted to the 
external focus of the other. 

16. An object is placed in front of two lenses P and Q 
having a common axis, and an image of it is formed by them : 
prove that the position of that image will not be altered by inter- 
posing between P and Q two lenses of equal and opposite focal 
lengths, provided that the absolute focal length of either be half 
the harmonic mean between their distances from the image of 
formed by P. 

17. Two lenses whose focal lengths are each equal to / are 
placed at a distance apart equal to |/. Find the focal length of 
the equivalent lens. 

18. Two lenses whose focal lengths are/ and 8/ are placed 
at a distance apart equal to the difference of their focal lengths. 
Find the focal length of the equivalent lens. 

19. Two lenses, one concave and the other convex, are 
placed in contact and have a conmion axis. Their focal lengths 
are required to be in the ratio of 52 to 33, and the focal length 
of the combination is to be six feet. Find the focal length of 
each lens. 

20. Two lenses whose focal lengths are each / are placed at 
a distance ^/ apart. Find the focal length of the equivalent 
lens. What is the focal length of the equivalent lens, when the 
two lenses are placed in contact? 

21. The radii of the surfaces of a lens are 4a and 2a. Those 
of the surfaces of another 2a and 6a. Find the focal length of 
the lens whiph is equivalent to them when placed in contact, the 
refractive index being f. 

22. A small pencil of light is obliquely incident on a refract- 
ing sphere, and emerges after one internal reflection. Find the 
positions of the primary and secondary foci after emergence. 
Find what the angle of incidence must be that the emergent rays 
in the primary plane may be parallel. 

23. A ray falls upon a lens making the incident angle equal 
to tan'^/u, /t being the index of refraction. Its direction within 
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the lenB passes through the centre. Prove that the distance 
between its directions before incidence, and after emeigence, is 
to the distance it traverses within the lens as /i'- 1 to /»*+ 1. 

24. The focal length of a lens in vacuo is five feet. The 
refractive indices of glass and water being -| and ^ respectively, 
find the focal length of the lens when placed in water. 

25. A pencil of parallel rays is refracted through a sphere of 
radius r and refractive index ii. Prove that the geometrical focus 
after emergence is at the same point as if it had been only re- 

fracted at the first surface of a concentric sphere of radius ^. 

2 

26. Two convex lenses, of focal lengths a and &» are placed 
at a distance c : if P and Q be conjugate foci, F^ G the respective 
positions of P and Q when Q and P are respectively at an infi- 
nite distance, prove that PF .GQ,^l — j^ — | . 



CHAPTER VII. 



ON IMAGES AND SIMPLE OPTICAL INSTRUMENTS. 



77. T\r^ cwi now explain the manner in which an 
T y image or representation of an object is pro- 
daced by a lens. 

We will first take the ca^e of a convex lens. 

Let C be the centre of such a lens, CQ its axis, PQ the 
object. 

Fig. (1). 




Fig. (2). 
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Then a pencil of rays from any point P in this object 
will fall upon the lens so as to cover the whole face of the 
lens, and will thus be incident centrically. This pencil 
after refraction will approximately converge to a point p in 
PC produced, or diverge from some point p m CP pro- 
duced, the distance Cp being given by the formula 

/ being the numerical value of the focal length of the lens. 
If CP < f, Cp is positive, and jt? lies to the right of C 
If CP > /, Cp is n^ative and^ lies in PC produced. 

In the first case there emerges from the lens a pencil 
of rays apparently diverging from a point ^ as in fig. (1) 
and in the other case a pencil of rays converging to a point 
/? as in fig. (2). 

The same will be true of the pencils which emanate 
from other points in PQ, 

The assemblage of points from which, in the one case, 
the pencils after refraction appear to diverge, or to which 
in the other case they converge, is called the image of the 
object PQ formed by the lens. 

In the former case the image is called a virtual image, 
in the latter a real image, these terms being defined as 
follows. 

A real image formed by a lens or mirror is an image, 
through the points of which the pencils of light which form 
the image do actually pass before diverging from thenL 

A virtual image is one through the points of which the 
rays of light do not actually pass. 

The image in fig. (1) is called an erect image, that in 
fig. (2) is an inverted image. 

Secondly if the light from any object fall upon a conca/oe 
lens it is easy to see that a virtual image of the object is 
formed nearer to the lens than the object. The positipn 
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Fig. (3). 
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of any point p of the image is determined in terms of that 
of the corresponding point P of the object by the formala 

J 1__1 

Cp GP~f 

C being the centre of the lens, and p being on the line (7P. 

In a similar way the formation of an image by a mirror 
can be explained (Art. 47). 

78. In any of these cases an eye'snitably placed so as 
to receive the pencils of light after divergence from the 
points of the image will be rendered sensible of the ap- 
parent existence of an object in the position of the image* 

This image will more or less closely resemble the origi- 
nal object. It has however two defects. 

(1) Indistinctness, arising from the fact that the pen- 
cils which emanate from various points in the original 
object do not accurately converge to or diverge from points 
after refraction through the lens; the formulae we have 
nsed being only approximations. The image will thus con- 
nist of a number of small overlapping circles or ovals, which 
will cause the general appearance to be somewhat hazy. 
With good lenses, if the curvatures of their surfaces be 
not very large, this defect is not very serious, and can be 
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somewhat aUeviated by a proper choice of the form of the 
lens. 

(2) Curvature. It is clear that the formula 

J. 1_---1 

Cp CP f 

will not give Qp in a constant ratio to CP, Hence for 
instance if PQ be a straight line the image pq will not be 
a straight but a curved line. 

The image of any object will similarly be differently 
curved from the object itsell 

The image is also rendered indistinct and imperfect by 
the fact that white light is composed of a great number of 
kinds of light of unequal refrangibility. This subject is 
treated of in Chapter IX 

79. The preceding Articles furnish a ready means of 
ascertaining by experiment the focal length of a convex 
lens. If it be placed so as to form a real image q, of any 
bright object Q in its axis, and the distances of the point 
and its image from the lens be measured, the focal length 
is known from the formula which applies to fig. (2) of 
Art 77, 

/ CQ Cq' 
where /is the numerical value of the focal length. 

It can be more readily found by the following method. 

^"^^ -CQ'^C-q'^r 

we have CQ-^Cq^Qq=^^^ . 

Hence Qq the distance between the point and its image 
is least when CQ,Cq\& least, or when t^ • tt is greatest 
But it is known that when the sum of two quantities is con- 
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stant their product is greatest when they are equal Hence 
TyQ'Q-^ /ireatest when 

Hence the least value of Qq is 4f. 

Let then a oandle-flame or other light be fixed, and 
the lens be placed just a little farther from it than the 
focal length ; a real image of the light will be formed at 
a great distance oflf, which can be received on a screen. 
Move the lens slowly away from the light. The image will 
be found to approach nearer to the light till the lens has 
been moved to such a position that it is just about as far 
from the candle as it is from the image received on the 
screen. If the lens be moved still farther from the light, it 
will be found that the image begins to recede. 

By the above investigation, if we measure the distance 
between the light and its image in their nearest position, one 
quarter of that distance will be the focal length required. 

80. A good illustration of the formation of a real image 
is furnished by the Photographic Camera. 

This consists essentially of a box with a lens fixed at 
one end ; at the other end of the box is placed a screen. 
The axis of the lens being directed to the object whose 
photograph is required, an inverted image of the object is 
formed within the box. On placing the screen to coincide 
with this image, a distinct inverted representation of the 
object is seen on the screen, and if for the screen be substi- 
tuted a piece of glass properly prepared, the chemical ac-* 
tion of the light on the substances with which the glass is 
covered will leave an accurate delineation of the lights 
and shadows of the original object. 

81. Instead of receiving the inverted image, formed as 
in the last Article, immediately on a screen, let the rays of 
light be caught, before they converge to form the image, by 
a plane mirror placed within the box and inclined to the 
axis of the lens at an angle of 45°. The ima^e will thexi 

A. G. 0. 7 



99 



On Images and 



be distincfcly formed on a screen placed in a proper position 
in a plane parallel to the axis of the lens. 




Thus, if QChe the axis of the lens, AB the mirror, the 
pencil of light emanating from P would after refraction 
through the lens be made to converge to a point j9 in PO 
produced. 

The mirror AB intercepts the light before it reaches 
p, and causes it to converge to p\ a point as far in front 
of AB as j9 is behind. 

Thus an image j^Y of PQ will be formed, and will be 
distinctly visible on a screen of oiled paper or thin ground 
glass placed in the top of the box. 

Such an instrument is called a Camera Obscnra. 

82. The Eye itself furnishes another illustration of the 
formation of a real inverted image. 




The figure represents a section of the right eye by 
a plane through the optic nerve. The extemd boundary 
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of this consists of portions of two spherical surfaces, the 
larger and back part being opaque, the smaller spherical 
portion which is in front being protuberant and trans- 
parent. The back part is called the Sclerotic membrane ; 
the front part, which is set in the sclerotic like a watch- 
glass in its rim, is called the Cornea. 

Within the sclerotic is another membrane called the 
Choroid membrane. This covers nearly the whole of the 
internal surface of the sclerotic, having a circular opening 
in front. To the border of this circular opening is at- 
tached a membranous ring called the Iris, having its plane 
perpendicular to the line joining the centres of the cornea 
and the sclerotic. The extermd face of this ring is of 
various colours, and the aperture in its centre, called the 
Pupil, is capable of being enlarged or diminished, so as to ^ 
admit more or less light. 

Behind the iris, and with its axis in the line joining the 
centres of the cornea and sclerotic, is placed a transparent 
gelatinous substance of the form of a double convex lens, 
called the Crystalline lens. The face of this lens towards 
the anterior surface of the eye is flatter, its posterior sur- 
face more convex. 

The space between the cornea and this lens is filled 
vnth a transparent fluid called the Aqueous humour, that 
between the crystalline lens and the back of the eye by a 
transparent fluid called the Vitreous humour. 

At the back of the eye the Optic Nerve enters through 
the sclerotic and choroid membranes, and forming a slight 
protuberance within the latter, spreads out over nearly, 
its whole extent into a delicate tissue of nerves called the 
Retina. 

The refractive indices of the aqueous and vitreous hu- 
mours are nearly equal to that of water, that of the crys- 
talline lens is somewhat greater. 

The whole of the inner surface of the choroid membrane 
is coloured a deep brown or black and is totally incapable 
of reflecting light. 

If an object of any kind be placed in front of the eye, 
the rays from any point of it are incident on the cornea, 

7—2 
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and are refracted by the aqueous humour, the cryfltalline 
lenS) and the vitreous humour, so as to converge to a point 
on itie retina* 

The eye thus optically resembles a photographic camera. 
A real inverted image of objects in front is formed on the 
retina of the eye, and by means of the optic nerve the im- 
pression is conveyed to the brain. 

This impression remains for a short time after the light 
which forms it is withdrawn. Thus, for instance, if a bright 
point be whirled about in a circle, the eye will see it in 
each position for a short time after it has left that position, 
and if the point move with sufiScient velocity the eye will 
see a ring of light 

» 

83. The eye is capable of being changed slightly in 

form by the action of certain nerves, so as to bring rays 

which come from points at different distances accurately to 

a focus on the retina. 

This adjustment can be effected at will within certain 
limits which vary for different eyes. 

Some eyes can only be conveniently adjusted to view 
near objects, as they require considerable divergence in 
the pencils which they can refract accurately to a point on 
the retina; less divergent pencils being reftaeted by them 
to a focus in front of the retina. 

In order to see distinctly objects at a greater distance, 
such eyes make use of concave lenses which form a virtual 
image of the object, nearer to the eye than the object itself 
(Art. 77)* Such eyes are called short-sighted. 

Some eyes, on the other hand, can only refract pencils 
having slight divergence, such as those which come from 
X)oints at a great distance, accurately to points on the 
retina; more divergent pencils being refracted to points 
behind the retina. 

Such eyes are called long-sighted. To enable them to 
see nearer objects, a convex lens is employed which forms a 
virtual image of any object^ at a greater distance than the 
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object, the pencils from points of which will hot be too 
divergent to be refracted to a focus on the retina (Art. 
77). 

These remarks explain the use of spectacles. 

84. A real image of any object looked at is formed in 
each eye of the observer. These images differ slightly from 
each other, as the positions of the two eyed with respect to 
any tolerably near object sensibly differ. Thus, in looking 
at a solid object, such as a round pillar, the right eye sees 
more of the right side, the left eye sees more of the left 
side of the pillar. By combining the impressions produced 
on the mind by these two images we obtain an idea of the 
solidity of objects viewed, as also of their comparative dis- 
tances. 

The common Stereoscope is an application of the same 
principle. Two photographs are taken of the same object 
from points of view a little distance apart. These photo- 
graphs are so placed that the right eye looks only at that 
one which was taken from a point of view most to the 
right, while the left eye looks at the other : by this means 
an appearance of relief can be imparted to pictures of 
solid objects, such as statuary, trees, or buildings. 

This appearance can be produced even in the pictures 
of objects which are too distant to appear differently to 
our two eyes. For instance, if photographs of the moon 
be taken at two different times, on one of which, owing 
to libration in longitude, more of its east limb is visible, 
and on the other more of its west limb, and the two pho- 
tographs be placed in a stereoscope, the two pictures com- 
bined will produce the impression of a solid globe of very 
small dimensions. 

85. No eyes are capable of seeing distinctly objects 
placed very close to them. Consequently it is impossible 
for an unaided eye to obtain a clear view of a very small 
object ; for such an object will not subtend a sensible angle 
at the eye, unless it is placed too near to the eye for the lat- 
ter to be able to refract the rays emanating from any point 
of the object accurately to a focus on the retina* 
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In such a case a convex lens placed close to the eye, 
between the eye and the small object, will produce a virtual 
image of the object behind the lens (Art. 77, fig. 1), which 
will subtend the same angle at the centre of the lens as 
the object,' and yet may be made to appear at any suitable 
distance. 

Thus, by the use of such a lens, a small object may be 
magnified, that'is, an image of it may be formed at such a 
distance as to be distinctly visible and subtending a sen- 
bible angle at the eye. 

Such a lens, employed for this purpose, is called a 
simple Microscope, and is used in botanical and other inves- 
tigations. 

A combination of two lenses having a common axis, and 
placed a little distance apart, can be used for the same pur- 
pose: the first lens forming a virtual magnified image, 
which is again magnified by the second. 

In either case the magnifying power is fairly measured 
by the ratio of the angle subtended at the eye by the final 
image to the angle which would be subtended by the 
object at the eye, if the object were placed at a distance 
from the eye equal to that of the final image: This ratio is 
easily seen to be the ratio of the linear magnitude of the 
final image to that of the object 

In order to magnify or examine minutely a distant ob- 
ject we cannot use exactly the same methocL 

The following is the general plan on which Optical 
Instruments for this latter purpose are constructed : 

A lens or mirror, called the Object-glass or Mirror, is 
first used to produce a real image of the distant object 
This image is close at hand, and can be examined and 
magnified by a lens as if it were a real object 

Such instruments are called Telescopes. Their oon- 
^truction is explained in the ne^t Chapter. 
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EXAMPLES. CHAPTER VII. 

1. A convex lens, of focal length one-fifth of an inch, ib 
used as a simple microscope by an eye which sees most distinctly 
at a distance of 14 inches ; find the magnifying power. 

2. A long-sighted person, who can see most distinctly at a 
distance of two yards, uses glasses of two feet focal length ; at 
what distance from the glasses should the object be placed? and 
how much will it be magnified? 

8. Shew that when an image of any object is formed by a 
fixed convex lens, there are two positions of the object for which 
the size of the image is m times the size of the object, and that 

the distance between the two positions is ~ ,/ being the focal 
length of the lens. 

4. A screen, placed at right angles to the axis of a lens, 
receives the image of a small object. If the magnifying power 
of the lens in this position be 20, then the distance of the lens 
from the screen is- 21 times the focal length. 

5. A bright point is placed on the axis of a convex lens, so 
that the distance between the point and its image is the least 
possible : prove that if a concave lens of the same focal length 
be introduced half-way between the bright point and the convex 
lens, the image will be moved half as far again from the lens. 

6. A convex lens is held so that the distance between a 
bright point and its image is the least possible : two other lenses 
are then introduced, one half-way between the lens and the 
bright point, and the other half-way between the first lens and 
the image. If the image formed by refraction through the 
three lenses have the same position as the former image, prove 
that the sum of the focal lengths of the three lenses is algebrai- 
cally zero. 

7. A double convex lens of focal length / is at a distance 
b from a plane mirror, and the axis of the lens is perpendicular to 
the murror ; shew that if a man places his eye at a distance from 

the lens \},^ .! on the other side from the mirror he will see 
2(/-6) 

the image of his py e by parallel rays. 
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8. A person who reads small print at a distance of two feet 
finds that with a pair of plano-convei spectacles he can read it 
at a distance of one foot ; find the radius of the curved surface, 
the refractive index of glass being |. 

9. If a convex lens be placed between any luminous object 
and a screen, find the position of the lens that a real image may 
be formed on the screen. Prove that there are two such posi- 
tions, and that if %, m, be the ratios of the image to the object 
in these two positions, m^ ms=l. 

10. When an object is placed before a convex lens whose 
focal length is/, at a distance f/ from the lens, shew that the 
image is twice the object in linear dimensions. When the object 
is placed at double this distance from the lens, shew that the 
length of the image is one-half the length of the object. 

11. The image of a very distant object is formed by a convex 
lens ; a plane mirror is placed at a distance from the lens equal 
to •} the distance of the image from the lens, perpendicular to 
the axis ; shew that a second real image will be formed by the 
zeflected light on the other side of the lens, of the same linear 
dimensions as the first, 

12. An object is placed at a distance e in front of a convex 
lens whose focal length is a, c being greater than a. A concave 
mirror whose focal length is & is placed at a distance a behind the 
lens. An Image of the object is formed by rays which are re- 
fracted through the lens, reflected at the mirror, and again re- 
fracted through the lens. Shew that this image is at a distance 

a" 

•-:-+ c-2a behind the lens, and that it is equal in magnitude to 

the original object, but inverted. 

18. A magnifying-glass consists of two convex lenses whoffe 
thickness, as also the distance between them, may be neglected. 
When used by a person who can see most distinctly at a distance 
of eight inches, the ratios of the magnifying powers of the first 
lens alone, the second alone, and the two combined are as 3 : 4 :5. 
Find the focal lengths of the lenses used. 
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ON COMPOUND OPTICAL INSTRUMENTS. 



86. rriBLESCOPES are of two kinds : 

Refracting Telescopes, in which a convex lens is em- 
ployed to produce an image of the distant object 

Reflecting Telescopes, in which this image is produced 
by means of a concave mirror. 

87. The most important kind of Refracting Telescope 
is usually called the Astronomical Telescopa 

In its simplest form it consists of two lenses, placed so 
as to have a common axis, the lens which is nearest* to the 
object viewed, and which is called the Object-glass, having 
a much greater focal length than the other, which is called 
the Eye-glass. 
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Let O be the centre of the object-glass, E that of the 
eye-lens, PQ the object to be looked at, which is usually at a 
very great distance from the object-glass. The rays from 
any point P of this object will be incident centrically on 
the object-glass, and will converge to a point p in PO pro- 
duced (as in Art 77, fig. 2). Thus a real inverted image pq 
of the object is formed. 

The eye-lens receives the pencil of rays which divei^ges 
from the point p and refracts them so as to make them 
diverge from some point p' on Ep produced. (Art. 74.) 

A virtual image j^V of the object will thus be formed, 
which can be seen by an eye placed close to the eye-lens. 

By altering the position of the eye-lens the position of 
p^rf may be altered until it is at a convenient distance for 
the eye to see it. It is usual to assume p'^ at an infinite 
distance, so that the rays emerge parallel from the eye-lens. 
In viewing objects at a very great distance, such as the moon 
or stars, the eye will probably adjust itself so as to be fitted 
for receiving parallel rays, and if so, the above assumption 
will be correct 

In this case Eq will be the focal length of the eye- 
glass, «nd if PQ be very distant from O, Oq will be the 
focal length of the object-glass. 

Thus OE will be the sum of the focal lengths of the 
kDses. 

The eye-glass and object-glass are fixed in two tubes, of 
which the eye-glass tube slides in the other to permit of 
proper adjustment for different eyes. 

88. The magnifying power of such a telescope will be 
fairly -measured by the ratio of the angle subtended at the 
eye by tlie final image of any object to the angle subtended 
at the eye by the object itself. 

If the distance of the object be very large compared 
with the length of the telescope, the angle subtended by 
the object at the eye of the observer will not appreciably 
differ from that subtended by it at the centre of the object- 
flrlass. 
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Thus, supposing the eye placed close to the eye-lens, the 
magnifying power will be appreciably 

_ ipEq _ ipEq 
~ I FOQ " z pOq 
JBupEq 
"~ iOiXipOq ' 
since the angles are all small in practice, 
pq 

Eg Oq _ focal length of object-glass 
~pq ~ Eq ~ focal length of eye-glass ' 
Oq 

taking the approximate values of the last Article for Oq 
and Eq, 

89. The office of the object-glass is thus to form near 
at hand an image of the distant object. The eye-glass is 
used to magnify this image just as if it were a real object 
(Art 85.) 

This image differs however from a real object in that 
the rays of light do not diverge in all directions from the 
various points of it. The rays from p, for instance, only 
proceed in the lines in which rays have come to p from 
some point of the object-glass. 

Thus, if the eye were simply placed to view pq without 
the intervention of an eye-glass, not only would it have to 
be placed farther from pq in order to ensure distinct vision, 
and pq Would thus appear to subtend a smaller angle at 
the eye, but the pencils from points in pq & short dis- 
tance away from the axis OE would not come into the eye 
at all. 

The image would thus not only not be magnified, but a 
much smaller portion of it would be seen than is the case 
when an eye-glass is used. Thus a second advantage of 
the eye-glass is, that the pencils from points outside the 
axis are bent round so as to enter an eye placed close to 
the eye-glass. 

The amount of the object that is visible through the 
eye-lens is termed the fidd of mew. It will evidently be 
circular in form, and the angle subtended by its radius at 
the eye can be easily ascertained. 
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It is clear that any point p of the image will be dis- 
tinctly seen, if the whole of the pencil which converges to 
form it is incident on the eye-glass. 




This will be the case if the lowest ray, after passing 
through j9, is incident on the eye-lens ; thus the point 
farthest out of the axis, which is visible by a whole pencil, 
is a point p, such that the ray of its pencil which comes 
from the top of the object-glass just comes to the bottom 
of the eye-glass. 

Let now EG^y,=\i2\i aperture of eye-glass, 

AO—y^- half aperture of object-glass, 

^Q=ft = focal length of eye-glass, 

Oq=f^ =* focal length of object-glass. 

Drawing a line hpk through p parallel to EO, we get by 
similar triangles 

Ch xhp :: Ak : kp ; 
- y^-M 'A •: Vo+pq ''fo\ 

.*. f.v^-^ft *pq=f.y€-fo *pq; 

and the angular radius of the field of view 

_ P^ _ f.y*-f'Vi > 
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90. It is easy to see that from a point a little below p, 
a portion only of the pencil will fall upon the eye-lens, this 
portion getting* less and less nntil, from points beyond a 
certain distance from the axis, no part of the pencil will 
reach the eye-lens. 

There will thus be a ring of points imperfectly seen,, 
surrounding the distinct field of view. This ring is known 
as the Ragged Edge. It is usually destroyed by a material 
ring placed so as to stop all the rays of the pencils of which 
part only would fall on the eye-lena 

The radius of the aperture of this ring is clearly the 
value of pq given in the last Article. 

It will be noticed that the pencils from different points 
of the image pq do not fill up the whole of the eye-glass. 
They are thus incident excentrically on the eye-glass in 
conformity with the remark of Art. 72. 

91. The axes of the small pencils which fall on the eye* 
piece, and by means of which the image is finally seen, are 
bent in passing through the eye-lens. 

It is found, when t\\e calculations of the form of a 
pencil, after excentrical refraction through a lens, are car- 
ried to a higher approximation, that our« assumption, that 
the virtual image p' of any point p lies on the line Ep, 
is not absolutely correct, and that it becomes less and less 
correct the farther the point p is distant from the axis. 

The image p'q' actually seen is thus distorted from the 
shape of pq, and ceteris paribus it is found that this 
distortion increases as the focal length of the eye^lens 
decreases. 

To remedy in some measure this evil, a combination of 
two lenses placed at a short distance from each other is 
often employed instead of a single lens. 

The axis of the excentrical pencil is thus bent round at 
one lens and again bent round at the other, and it is found 
by experience and by calculation that the distortion pro- 
duced in this way is much less than would be produced by 
a single lens equivalent to the combination of the two 
lenses. 
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92. Two such combinations have been specially used. 
In the first, known as Ramsden's Eye-piece, the two lenses 
are of equal focal length, and the distance between them is 
equal to two-thirds of the focal length of either. 

The lens nearest to the eye is called the Eye-lens, and 
the other the Field-glass. 




Thus let pq be the image produced by the object-glass 
and let / be the numerical value of the focal length of 
either lens. Let F and E be the centres of the two lenses. 
The field-glass will form a virtual image of pq in a posi- 
tion pV> snch that 

I 1__1 

Fq FcCr 
This image, in accordance with the assumptions explained 
in Art. 87, will be nearly at the principal focus of the eye- 

glass. Thus E^=fi and since EF=^f^ we must have 

-^3^=^/, whence JV=i/ 

The 9ye-piece will therefore be placed so that the image 
formed by the object-glass is nearly at a distance ^f ^n 
front of the field-glass. 

93. In the other combination, known as Huyghens* 
Eye-piece, the focal lengths of the ]enses are in the ratio of 
1 to 3, the distance between them being equal to the 
difference of their focal lengths. 

Let E and F be the centres of the eye-lens and field- 
glas8,/aud S/the numerical values of their focal lengths. 
T)imEF=%f, 
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The eye-piece is so placed that the. rays which, after 
refraction through the object-glass, converge to form any 
point p of the image are incident on the field-lens before 
reaching j9. 

They are thus made to converge approximately to some 
point p' in the line Fp, and a real image p'q' is formed by 
the field-lens. 

This image must be nearly in the principal focus of the 
eye-lens, and must therefore be half-way between E and F. 

We have also 

-L _ — = -1 . 
JY ^Q 3/' 

whence, since F^=E^=f, we get Fq=-^= 7 FB. 

2 4 

A second important advantage of Huyghens' eye-piece 
will be pointed out hereafter (Art 117, end), 

94. The image of the distant object formed by the 
object-glass being formed by centrical pencils, the angle 
subtended at the centre of the object-glass by any part of 
the object is equal to that subtended at the same point by 
the correspondiog part of the image. 

The latter angle, and consequently the former, can be 
deduced if we measure the linear magnitude of the part of 
the image, the distance of this image from the object-glass 
being known. 

The image formed by the object-glass being, if we use a 
single lens or Ramsden's eye-piece, a real image; if a piece 



112 'On Compound 

of glass with lines ruled on it at equal distances be placed 
to coincide with the image, it is clear that the lines on the 
glass will be distinctly seen through the eye-piece along 
with the itnage. 

Thus the distances of points on the image ftom each 
other could be ascertained by noticing the number of inteiv 
vals on the glass scale between them. 

A better arrangement is to place in the field of view a 
framework carrying one or more fine wires or spider 
threads,, which can be moved along the framework by 
means of a screw. 

If the framework be so placed that the plane of the 
moveable wires coincides with the real image, the distance 
between any two points of the image can be measured by 
moving the wire from one point of the image to the other, 
and noting how many turns of the screw are required 
to effect this displacement. The distance between two 
consecutive threads of the screw being known, the required 
distance is thus obtained. 

The obliquity of the pencils which are refracted by the 
object-glass is in practice always very small. The angle 
subtended at the centre of the object-glass by the line 
joining two points of the image is thus nearly proportional 
to the linear distance of the points from each other, and its* 
circular measure will be nearly equal to that distance 
divided by the focal length of the object-glass. 

Huyghens' eye^piece cannot be used for such measure- 
ments, as the image given by the object-glass is never 
actually formed. 

95. The astronomical telescope gives us thus the 
means of viewing any distant object under a much greater 
angle than we could view it with the naked eye. It has 
also another advantage* 

In viewing any object with the naked eye, only so much 
light comes &om each point of the object as will fill the 
pupil of the eye. 

In viewing the same object with the telescope, such an 
amount of light comes into the eye from each point of the 
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object as when originally proceeding from that point fills 
the object-glass. 

Thus much more light will enter the eye in the latter 
case than in the former. A telescope enables us, for in- 
stance, to see stars which are so faint that the naked eye 
cannot distinguish them; and the lai^ger the object-glass in 
diameter the more will this effect be produced. 

96. The only condition necessary that a convex lens shall 
form a real image of an object in front of it is, that the 
object shall be farther from the lens than its principal 
focus (Art. 77). 

The astronomical telescope may thus be modified so as 
to view near objects, if the focal length of the object-glass 
be diminished. 

It then becomes a Compound Microscope, 

Let be the centre of the object-glass and let PQ be 
the object, OQ being a little greater than the focal length 
of the object-glass. 




An inverted real image pq is formed by the object- 
glass, which image is again viewed and magnified by the 
eye-lens. 

In practice the conditions required to be satisfied by 
a microscope are so different from those of a telescopo 
that such an instrument as the above would be of little real 
value. 

The pencils from any point of the object are so divergent 
the object beiug near to the object -glasS; and for points of 
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the object outside the axis so obliquely incident, that the 
approximations of the previous chapters of this treatise 
Mi accurately to represent the facts. 

In the compound microscopes which are actually used, 
« series of three lenses placed near together is substituted 
for the single lens 0, and instead of a single eye-lens a 
compound eye-piece of two lenses is used. 

The theoretical investigation of the proper forms of the 
lenses involves considerations into which this book cannot 
enter. 

97. The compound microscope of the last Article pro- 
duces an inverted image of the object placed in front of it. 
If then, Instead of a single lens, or Kamsden's or Huyghens' 
eye-piece, a compound microscope be applied to view the 
real image formed by the object-glass of the telescope in 
Art. 87, the image formed by the^ object-glass which is in- 
verted, will be inverted again, and the eye will see an erect 
image of the original object. 

Such an arrangement is called an erecting eye-piece, and 
is applied to telescopes used for observation of terrestrial 
objects. The ordinary erecting eye-piece consists of four 
lenses, two of which may be considered as the object-glass 
of the compound microscope, and the other two as the eye- 
piece. 

98. The second kind of refracting telescope is usually 
known as Galileo's Telescope, from the name of the in- 
ventor. 

A double convex lens is employed as before to form an 
image of the distant object 

A concave lens is placed witb its axis in the same line 
as that of the object-glass so as to catch the rays before 
they have converged to form the image. 

Thus a pencil from a point P of the object, falling on 
the object-glass, would be refracted to a point p in PO 
produced, O being the centre of the object-glass. 

Some portion, not the whole, of this pencil is caught by 
the concave lens E, which is so placed that the pencil con- 
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verging to jjt? is made to diverge from a point j»' in pE pro- 
duced. This will be the case if JSq be not less than the 
focal length of the lens B, 

The pencil will then enter an eye placed close to E, as 
if it came from^, and the eye will see an erect image of 
FQa.tp'q', 

The lens E will be adjusted so that this image is at a 
convenient distance for distinct vision. 

If we make the assumption that p^^ is at an infinite 
distance, and PQ also at an infinite distance, as in Art. 87, 
it is easy to see that Oq is the focal length of the object- 
glass, and Eq that of the eye-glass, so that OE is the differ- 
ence of the focal lengths of the object and eye-glasses. 

99. The field of view in this telescope is limited by the 
object-gkss, a;nd not by the eye-glass as in the Astronomi- 
cal Telescope. For it is clear that the pencil from every 
point that is clearly seen fills up the whole of the eye-glass, 
while it is only a portion of the pencil that actually falls on 
the object-glass which is used in producing vision. 

8—2 
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The refraction of the pencils is thus centrical at the eye- 
glass and excentrical at the object-glass as far as the rays 
actually nsefiil are concerned. 

The field*, of view can be calculated as in the case of the 
Astronomical Telescope. 

The lowest point of the image pq that is seen by a full 
pencil is the point which is formed by a pencil whose 
highest ray passes through the top of the object-glass, and 
consequently the distance of this point from the axis and 
the angular magnitude of the field of view oan be obtained 
by similar triangles, just as in Art 89. 

If 2^0) V« ai^ the radii of the apertures of the object 
and eye-glass respectively, and fo, /« the focal lengths of 
these lenses; with the assumptions at the end of the last 
article, we have, by similar triangles, 

and the angular radius of the field of view 

In order to ensure a large field of view the i^tertnre of 
the object-glass must therefore be considerable. 

The magnifying power of Galileo's Telescope win also 
easily be found to be expressed by the ratio of the focal 
length of the object-glass to the focal length of the eye* 
glass. 

The chief advantage of Galileo's Telescope is, that it 
gives an erect image with the use of only two lenses. 

It cannot be used for measurements, as the image 
formed by the object^lass is a virtual ona 

The ordinary Opera-glass consists of a pair of Galilean 
Telescopes placed with their axes parallel 
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100. We have now to consider the second class of 
Telescopes, in which the unage of the distant object is 
fonned by a reflecting spherical surface. 

The different kinds of reflecting telescopes chiefly differ 
in the arrangements made for viewing and magnifying this 
image. 

We shall first describe, as the simplest form, and the 
one which has been used for the largest reflecting tele* 
scopes, Herschel's construction, 

101. Herschel's Telescope consists essentially of a hage 
concave mirror. 



Let A be the centre of the face of the mirror, the 
centre of the spherical surface of which it is formed. 

Let PQ be any distant object. 

The rays from any point P of this object will fall upon 
the mirror, and be approximately reflected to some point p^ 
in PO produced. This assumption is equivalent to taking 
the secondary focus of the reflected pencil as the point of 
convergence of the whole pencil, an assumption which will 
not be far wrong if, as is always the case in practice, the 
obliquity of the pencil from P be very small. 

Thus a real inverted image of PQ will be formed at pq. 

The rays which have converged to form the points of 
this image are then received on a convex lens of short 
focal length, by which a larger virtual image of pq is 
formed, as in the Astronomical Telescope. 

This lens is placed towards one side of the tube> at one 
end of which the large mirror A is fixed, and with its axia 
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slightly inclined to that of the large mirror. The light 
from the point P is thus not intercepted to any great 
extent by the observer's head, but the eye is only able to 
perceive parts of the image which have been formed by 
slightly oblique pencils. 

The reader who has carefully studied and understood 
the investigation of the field of view and magnifying power 
in the case of the Astronomical Telescope will* have no 
difficulty in investigating similar formulae for HerschePs 
Telescope. 

102. A slightly different construction more suitable 
for small telescopes is known as Newton's Telescope. In 




this telescope the rays from any point P are reflected by 
the large mirror so as to converge to a point J9. 

An inverted image of the object PQ would thus be 
formed at pq just as in the last Article. 

A plane mirror is placed with its plane inclined at an 
angle of 45^ to the axis of the object mirror, so as to inter- 
cept the pencils before they converge to points of pq. 

By this mirror the pencil converging to p will be made 
to converge to p\ a point at the same distance in front of 
the plane mirror as ji? is behind it. 

A real image p'^ of PQ is thus formed, which can be 
viewed by an eye-lens or eye-piece placed in the side of the 
tube which carries the large mirror, the axis of the eye- 
piece being at right angles to that of the large mirror. 

The adjustment for distinct vision can be made by 
attaching the small plane mirror to the eye-piece and 
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giving them both a motion parallel to the a.xis of the object 
mirror. * 

By moving them towards A the plane mirror is removed 
farther from pq, and p'q' is thus brought nearer to the eye- 
leus. By moving them in the opposite direction, p'q' is 
removed farther from the eye-lens. 

The magnifying power and field of view can be investi- 
gated by a similar process to that given for the Astro- 
nomical Telescope. 

103. Two other forms of reflecting telescope remain to 
be described, Gregory's and Cassegrain's. 

In each of these the large mirror is pierced with a 
circular aperture in its centre, to receive the eye-piece. 

The pencil of rays from any point P of a distant object 
falls upon the object-mirror and is reflected to converge to 
a point i? ; thus an image pq of any object PQ is formed. 

Fig. (1). 




In Gregory's Telescope the pencil after converging to p 
is received on a small concave mirror whose axis coincides 
with that of the large mirror, and is reflected so as to 
converge to a point /?' in pO' produced, (7 being the 
centre of the spherical surface of this small mirror. Thus 
a real erect image p'q' of PQ is formed, and the position of 
the small mirror is so chosen that this image can be dis- 
tinctly viewed by the eye-piece E, which is capable of a 
slight adjustment for this purpose. 

In Cassegrain's Telescope the pencil of rays from P is 
caught before it converges to i? by a small convex mirror^ 
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by which it is made to converge to a point p' in (yp pro- 
duced, 0' being the centre of the spherical surface of this 
sniall mirror. 



Fig. (2). 




Thus an inverted real image of the object PQ is formed 
at p'^, and the small mirror is so placed that this image 
can bo conveniently viewed by the eye-piece. 

The investigation of the field of view in these telescopes 
is too complicated to find a place in this treatise. We will 
give an approximate investigation of the magnifying power 
in Gregory's Telescope. 

Let F be the focal length of the large mirror^/L that of 
the small mirror, y* that of the eye-pieca 

Then approximately with the usual convention8|inFig.(l) 

Oq=F, E^=fu 

Also the distance of the image j^V ^ii^ the small 
mirror is in practice very large, compared with the focal 
length of the small mirror. Hence approximately we may 
take Oq=f»', whence we get also O^q' =q^ ''(yq=F^f^ 
nearly. 

Now the magnifying power is evidently measured by 
the fraction 

Oq 
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nearly, 



m^CQfm is small compared with F. 

Gr^ory's constraction is frequently used for small 
reflecting telescopes, and the fact of its giving an erect 
image is an advantage in viewing terrestrial objects. For 
large telescopes, the difficulty of supporting the . small 
mirror accurately in its right position without being liable 
to tremors diminishes its value. For such telescopes the 
form adopted by Herschel is the best 

104. It is sometimes convenient to be able to turn 
through a right angle the direction in which the eye sees 
objects through a telescope or microscope. This can be 
effected by placing in front of the eye-piece of the tele- 
scope or microscope an instrument called the Camera Lucida. 




~P 



This consists of a glass prism whose section perpen- 
dicular to its axis is a quadrilateral figure ABCD, one 
angle of which ^ is a right angle, the angle C opposite A 
being an obtuse angle of such a magnitude that a ray of 
light which enters the prism at right angles to AB shall 
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after internal reflection at BC and CD emerge in a direc- 
tion at right angles to AD, 

The deviation of this ray being thus a right angle, the 
acute angle between CB and DC must be half a right 
angle or BCD must be 136^ 

The angles at B and D are equal and therefore each 
equal to 67 ^ degrees. 

With any ordinary kind of glass it will be found that 
rays incident on BC perpendicular to AB are incident at 
an angle greater than the critical angle and are totally 
internally reflected. The same will happen at CD and 
thus no light will be lost. 

This will also be true for rays slightly inclined to this 
direction. If therefore a pencil of light emanating from a 
point P be incident on the lower part of A By with its axis 
only inclined at a small angle to the normal to AB, this 
. pencil will emerge from AD with its axis at right angles to 
its original direction and the eye will see an image of the 
point P at some point P' in this new direction. 

Thus, for instance, if the tube of a microscope be placed 
horizontally, and the camera ludda be placed close in front 
of its eye-piece, the pencils of light diverging from different 
points of the virtual image formed by the eye-piece will, 
after passing through the camera lucida, give to the eye the 
impression of a horizontal image of the object viewed 
through the microscope. 

The eye- piece can be adjusted so that this horizontal 
image shall appear at any required distance, and if a piece 
of paper be placed below the eye at this same distance and 
the eye be placed with its pupil only half over the edge of 
the camera, the paper and the image will be distinctly 
visible together and will appear to coincide. 

A drawing of the image can thus be accurately made. 

It can be shewn by calculating the position of the foci 
after each refraction and reflection that, if the size of the 
camera be small compared with the distances of P or P' 
from it, the point P' is at the same distance from the eye 
as P. 
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EXAMPLES. CHAPTER VIH- 

1 . The focal lengths of the object-glass and eye-gbns of an 
asljronomical telescope are 15 inches and 5 inches respectively » 
and their radii 3 inches and 2 inches respectively. Find the 
radias of the stop which will cat ofif the ragged edge. 

2. The diameters of the eye-glass and object-glass of an 
astronomical telescope are 1 inch and 6 inches respectively, and 
their focal lengths 1 inch and 20 inches respectively. The axis 
is pointed to a rod of infinite length at a distance of 150 feet. 
Find how much of the rod can be seen in the telescopid. 

3. Shew that the magnifying power of an astronomical 

AF 
telescope furnished with a Ramsden's eye-piece is -^ ; if ^ be the 

focal length of the object-glass, and / that of either lens of the 
eye-piece. 

4. If the object-glass of an astronomical telescope be con- 
sidered as a luminous object, the eye-piece will form a real 
image of it. Shew that the magnifying power of the telescope 
is equal to the ratio of the diameter of the object-glass to the 
diameter of this real image. 

5. If the focus of the eye-glass in a Gregory's telescope be 
at the centre of the aperture of the large mirror, and d be the 
distance from the large mirror of the image of the small mirror 
formed by it ; shew that the magnifying power of the telescope 

maybe estimated as -^ where /is the focal length of the eye-giaBS. 

6. A person uses the same lens for the field-glass of a Rams- 
den's and a Huyghens' eye-piece; prove that the magnifying 
power of his astronomical telescope when fitted up with the latter 
is half as great again as when fitted up with the former. 

7. The axis of an astronomical telescope is directed to the 
sun so that a real image of the sun is formed by refiraotion 
through the object-glass and eye-glass on a screen held perpen- 
dicularly to the axis of the telescope. If a be the diameter of 
this image, a the apparent angular diameter of the sun, d the 
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distance of the screen from the eye-piece, and m the magnifying 

ocot - 
power, shew that to=i _ - * 

8. A Galileo's telescope is adjusted so that a pencil from an 
object 289 feet distant emerges as a pencil of parallel rays ; the 
focal length of the object-glass is ODe foot, and of the eye-glass 
one inch : shew that if the axis is directed towards the sun, and 
a piece of paper be held 23 inches from the eye-glass, an image of 
the sun will be formed on the piece of paper. The sun's apparent 
angular diameter being cot '^ 120, what is the sisse of this image, 
and is it erect or inverted? 

9. The focal length of the object-glass of an astronomical 
telescope is 20 feet and its aperture 15 inches. The eye-glass 
has a focal length of one inch and an aperture of half-an-inch. 
What proportion of the moon's disc can be seen at once in the 
telescope, the angular apparent diameter of the moon being half 
a degree! 

10. Calculate an expression for the field of view of an 
astronomical telescope fitted with Ramsden's eye-piece, the 
apertures of the object-glass and field-lens being given. Find 
what must be the least size of the eye-lens in order that no light 
may be lost. 

11. An eye can see most distinctly at a distance of a feet. 
The focal lengths of the object and eye-glasses of an astronomical 
telescope being /q, /« feet respectively, and their semi-apertureri 
Pq and y^ inches respectively, calculate an expression for the field 
of view and magnifying power when the telescope is adjusted for 
distinct vision. 

12. The focal length of the object-glass of an astronomical 
telescope is 40 inches, and the focal lengths of four lenses, form- 
ing an erecting eye-piece, are respectively 4, ^, f and f inches, 
beginning with the field-lens. The intervids between the first 
and second, and between the second and third, being one inch 
and half-an-inch respectively ; find the position of the eye-iens 
and the magnifying power, when the instrument is in adjustment 
for eyes which can see with parallel rays. 

13. An astronomical telescope is fitted with a Bamsden's 
eye-piece, and is adjusted for distinct vision of distant objects. 
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A convex lens, whose focal length is/j, is placed in contact with 
the object-glass, whose focal length is F, Show that the instru- 
ment will remain in adjustment if a concave lens be placed in 
contact with the field-glass, the focal length of the concave lens 

1 +-^ (P-¥f^ I , where 4/ is the focal length o| the 

field-glass. 

Find the magnifying power in this latter case. 



being/ J 



14. The lenses of a common astronomical telescope, whose 
magnifying power is 16, and length from object-glass to eye-glass 
8^ inches, are arranged as a microscope to view an object placed 
1^ of an inch from the object-glass ; find the magnifying power, 
the least distance of distinct vision being taken to be 8 inches. 

15. A Galileo's and an astronomical telescope have object- 
glasses of equal focal length and aperture. Their eye-glasses 
have equal focal lengths and they have the same field of view for 
complete pencils; prove that the diameter of the stop in the astro- 
nomical telescope should be half the difference of the breadths of 
the eye-glasses. 

16. An astronomical telescope is adjusted to view an object 
at an infinite distance and is fitted with a Huyghens* eye-piece ; 
shew that its length is ^4- i/ where F, f are the focal lengths of 
the^object-glass and eye-glass. 

17* Prove that when a ray of light is incident on a Huy« 
ghens' eye-piece parallel to the axis^ it suffers an equal deviation 
at each lens. 

Shew that this will be the case with any eye-piece composed of 
two convex lenses, provided that the distance between the lenses 
Vi equal to the difference of their focal lengths. 



CHAPTER IX. 

ON DISPEBSIQN AND ACHROMATIC COMBINATIONS. 



105. TT has been hitherto assumed that, when a ray 
X of light is refracted out of one medium into 

another, there is only one refracted ray corresponding to 
each incident ray. 

It was however discovered by Newton that this is not 
the case with the light of the sun, but that when a ray of 
sunlight is refracted from air into glass it is separated into 
a large number of different refracted rays. Newton in 
effect proved that sunlight is really composed of an infinite 
number of rays of light of different colours, varying gradu^ 
ally from red through orange, yellow, green, blue, indigo to 
violet, and of correspondingly different refrangibilities, the 
index of refraction being least for the red light and in- 
creasing by imperceptible degrees^ till it becomes greatest 
for the violet light. 

106. Newton's original experiment was conducted some- 
what in the following manner : 

^ is a small hole in the shutter of a darkened room, 
through which the sunlight comes into the room. From 
each point of the sun's disc a small pencil will come whose 
base is the opening A. If A be very small, so that this 
pencil may be considered to be a single ray, the assemblage 
of these pencils outside the room will be approximately a 
conical pencil whose vertex is A, and whose base is the disc 
of the sun. This cone produced will form a pencil of light 
with the same solid anglC; within the room; and, if it falls 
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on a screen placed perpendicularly in its path, will form a 
round patch of white light which is in fstct a rough image 
of the sun. 

A prism of glass is interposed so as to receive this 
pencil near to its edge; and it is then found that if the 
light be received on a screen, there is formed, not a round 
patch of white light, but an elongated strip of coloured 
light, the longer diameter of which is perpendicular to the 
edge of the prism, and the colours of which proceed from 
red to violet, the red being the least deviated^ and the 
violet the most 

If the prism be turned about its edge a position can 
easily be found in which the deviation of the light in pass- 
ing tibrough the prism is a minimum. This will be the case 
when the coloured patch, which is called a spectrum, as- 
sumes the position nearest to that occupied by the white 
patch when the prism was away. 

Now, we know, that if the refractive index of a ray be 
given, the minimum deviation through a prism of a known 
angle is given. Hence it is not unreasonable to infer that 
the white light consists of a number of rays of different 
colours and correspondingly different refrangibilities. 

107. Some other experiments were however considered 
neoessaiy by Newton before he accepted this view. For 
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instance, placing a second prism with its edge at right angles 
to that of the first, so as to catch the light after refraction 
through the first, he found that the spectrum formed on the 
screen was no broader than before but was shifted sideways^ 
the amount of displacement varying for the different colours 
being greatest for the violet and least for the red rays. 

The following is perhaps the most simple and satis- 
factory experiment. 

The light, after passing through the prism, is received 
on a screen, with a narrow slit Jif in it parallel to the edge 
of the prism ; all the light therefore, except the small por- 




tion which is incident on the slit, is stopped by the screea 
At a short distance behind this, another screen, with a slit 
iV in it, is placed ; and behind this is placed a second 
prism with its edge parallel to that of the first. 

We are thus sure that no light can be incident to the 
second prism, except in the particular direction MN, 

By turning the first prism round its edge, we can make 
all pui» of the original spectrum pass in succession over 
M, and this causes the red, orange, &c. light in succession 
to fall on to the second prism, all at the same imgle of 
incidence. 

On performing this experiment, it will be found that 
when the red light and violet light are thus in succesnon 
incident at the same angle on the second prism, the red 
light is not so much bent as the orange, the orange not so 
much as the green, and so on, the violet being most refracted. 

From these and similar experiments it is concluded that 
white sunlight consists of an infinite number of kinds of 
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light of different colours and refrangibilities, the red being 
least refracted and the violet most refracted. 

It is found that the same is true of the light emitted by 
a candle, a burning coal, or any glowing heated body in a 
solid or fluid state. 

108. It remains to show how to separate completely 
the different kinds of light of which white light is com- 
posed. This, it will be observed, is not effected in Newton's 
fundamental experiment, because each kind of light pro- 
duces a circular spot of light on the screen, and the circles 
corresponding to different colours will overlap each other. 

Let A, as before, be a small hole or, better still, a nar- 
row slit parallel to the edge of the prism through which 
light comes from the sun or other luminous body. 

When the small pencil from A falls on the prism near 
its edge, if the prism be placed in such a position that the 




deviation is a minimum, we know that the rays of the 
pencil, after refraction through the prism, approximately 
diverge from a point at the same distance from B as the 
original pomt of light A (Art. 65, end). 

This will be true for light of each kmd of refrangibility, 
but the points will be different for each kind of light. Thus 
a series of virtual images of A will be formed all nearly at 
the same distance from 5 as -4 is, iZ the red image being 
highest, and V the violet image being lowest 

JL G. 0. ^ 
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If an eye be placed close to the edge of the prism so as 
to receive the light after passing through the prism, it will 
see this series of virtual images, and if the hole or slit A 
be very small, the eye will thus see a pure spectrum, that 
is a spectrum in which the colours are unmixed. 

109. Instead of placing the eye close to the prism, it is 
better to place an astronomical telescope so as to receive 
the rays sifter refraction through the prism. 

The object-glass of this telescope will receive the pencils 
proceeding from various points of the virtual spectrum VR^ 
and will form a real inverted image of VR, which can be 
viewed by the eye-piece, and measurements of the lengths 
of its different parts made by the method explained in 
Art. 94. 

Instead of using the eye-piece, a screen may be placed 
in the position of the real image formed by the object- 
glass. A pure spectrum will thus be formed on this screen 
which can be inspected at pleasure. 




If the pencil be refracted through a number of prisms, 
the dispersion, as it is called, of the pencils of different 
colours is increased by each successive prism, and a much 
longer pure spectrum is formed than can be obtained with 
a single prism. 

110. An apparatus specially adapted for forming and 
viewing the pore spectrum of the light from any source is 
called a spectroscope. 
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It consists essentially of three parts. First, a tube 
closed at one end with the exception of a fine slit, through 
which the light is admitted; secondly, of a prism or seiies 
of prisms so placed that the light which has come through 
the slit and down the tube shall be refracted through them 
all at an angle of minimum deviation; and, thirdly, of a 
telescope placed so as to receive the light after refraction 
through these prisms. 

The whole is usually mounted on a stand and is pro- 
vided with the means of measuring the deviation of any 
particular ray. 

In order to obtain great length of spectrum it is essen- 
tial to use a large number of prisms. It is clear however 
that the diverging pencil of light of any particular colour, 
which comes originally from the slit, would in this case 
have attained a considerable breadth before its incidence 
on the last prism, and probably a considerable portion of 
the light would be finally lost as well as indistinctness 
produced in the final image by reason of the very different 
lengths of glass traversed by different portions of the same 
pencil. To obviate this, a lens is placed in the tube which 
carries the slit, so that the slit is in its principal focus. 
The diverging pencil emanating from each point of the slit 
is thus reduced to a pencil of parallel rays, the width of 
which for each colour will not increase, as it passes through 
successive prisms. 

This construction is equivalent to removing the virtual 
images F...R of the slit, in the last article, to an infinite 
distance. 

Spectroscopes are also constructed, in which either by 
total internal reflection, or by deviation in opposite direc- 
tions through prisms with different dispersive powers 
(Arts. 114, 115), there is considerable dispersion without 
any deviation. These are known as direct vision spectro- 
scopes, and are very convenient for many observations. 

111. The angle between the axes of the pencils, which 
converge to v and r respectively can be easily deduced in 
terms of the angle of incidence of the axis of the incident 
pencil and the refractive indices for red and violet rays. 

9—2 
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Let <l> be the angle of incidence, fi the index of refrac- 
tion for mean rays. Let <{/, ^\ >/r have their usual meaning 
for mean rays, and let <t/v, ir'v, yfrv denote the same quanti- 
ties for the violet rays, <f/ry «/^V, ^n for red rays. Let ft,, Pt 
be the refractive indices, and Dv, I>r the deviations for 
these rays respectively. 

Then by Art. 60, 

But sin >/r, = /li, sin ?//» = ft„ sin (i — <^',) 

= fiv sin i , cos <^'„ — /*, sin <jy^ cos i, 
= fjLv cos <l>\ . sin i — sm<f>, cos ^. 
Similarly sin ^/r^ = ft, cos i^V . sin i — sin <^ . cos i ; 
.'. sih^/r,— sin^/r^ = B (jiv coa <l>\— fir cos <l)r) sin i. 

But /liv sin (^'« = sin <^ ; 



Similarly fir cos <^V = N/f*r* — sin ^0 ; 

= sin i {\//i,2 - sin 2<^ - ^//A^^-sin^^}, 
^ sint(/i,'-;jt^») 

nZ/x^^ - sin'^c^ + Jfir^-Bm^<l> ' 

Now th^-tJlT^-{^----flr)itJ^-^fJtr) = ^tl(jJ^-th-). 

Also \fr^-\-\fr^=z 2j/r nearly, 

and i^/ii,* - 8in'<^ + NZ/ir*- 8in*<^ = 2,^/** - sin^i^ nearly. 
Hence we get 

. ^^-yitr . Dv-I>r fl^mi(fl^-flr) 

Bin ^-^ — ^=sm — =■ — .- 

2 2 2>//i-^-sin«<^.cosi/r 

_ {fit, — flr)fi\^ i 

2 cos <^'. cos ^' 
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which gives us the value oiD^-Dr, that is the angle sub- 
tended by rv, in Art. 109, at the point O, 

It is clear that the linear distance rv will approxi- 
mately ^ f^^-l^r)^ Vil% .f ^^g ^jj^ ^^^^ l^jjg^jj ^^ ^^^ 
COS U) • COS Xif 

lens 0. 

112. When a pure spectrum is obtained from the sun's 
light, it is found that it is not a continuous band of light, 
but that it has a very large number of interruptions, or 
places where the light does not exist. If the spectrum be 
formed from a slit, these interruptions appear as fine lines 
parallel to the edge of the prism, and consequently per- 
pendicular to the length of the spectrum. 

The number of these lines that can be seen increases 
with the number of the prisms, the purify of the material 
of which they are composed, and the fineness of the slit 
through which light is admitted. A very large number of 
them have been observed and their relative positions very 
accurately determined by measurement. 

It is found that the same lines always occur in the same 
order, whatever may be the size or nature of the prism, 
and they are thus known as the fixed lines of the solar 
spectrum. 

Some of the more important and well marked of these 
lines are taken as points of reference for the spectrum and 

denoted by the letters A, B, C, I>, E, F, , and the 

position of any ray is determined by its position relative to 
these fixed lines. 

For representations of the solar spectrum the reader is 
referred to those in Roscoe's Spectrum Analysis, and to 
other similar treatises. 

113. It is found that the solar light reflected by the 
planets or the moon gives the same spectrum as the direct 
solar light, while that from the fixed stars presents differ- 
ent fixed lines from the solar spectrum. 

Thus it appears that the solar spectrum is something 
essentially belonging to the sun itself. 

The. light from any glowing hot body, solid or fluid, 
with only a single known and perhaps problematical ex- 
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ception in the earth Erbia, is found to give a spectrom 
without any interruptions or fixed lines. 

On the other hand^ when by any means a body in a 
sufSciently attenuated gaseous st^te is rendered luminous, 
as by enclosing it in a glass tube, and passing the spark of 
an induction coil through it, the spectrum formed is very 
different, and consists of a number of isolated bright lines. 

It is farther foimd that, when light from a highly heated 
incandescent body is made to pass through any gas of lower 
temperature than the source before falling on the spectro- 
scope, the spectrum formed is no longer continuous, but has 
interruptions at precisely those points where bright lines 
would have been formed by the glowing gas itself if 
rendered sufficiently luminous. 

We thus have a physical explanation of the fixed lines 
in the solar spectrum. 

The body of the sun is supposed to be in a yery hot 
semifluid or fluid state. This body would of itself give a 
continuous spectrum. It is supposed that this central 
body is surrounded by a cooler and therefore absorbent 
gaseous atmosphere, which contains portions of the elements 
existing in the sun's body which have been vapourised by 
the great heat. 

The passage of the sun's hght through this atmosphere 
produces the fixed lines in the spectrum. 

By comparing the fixed lines in the sun's spectrum 
with the bright lines given by the vapours of various terres- 
trial substances, it has been inferred that several of these, 
as hydrogen, iron, sodium, &c., exist in a state of vapour 
in the sun's atmosphere, and i^at therefore probably those 
of them which can there assume a solid state exist in a 
solid or fluid state in the body of the sun. 

Similar inferences have been made about the constitu- 
tion of various orders and classes of the fixed stars. 

The spectra given by some of the nebulae consist of a 
small number of isolated bright lines. It is thence inferred 
that these nebulse are really masses of luminous gaseous 
matter, in which nitrogen and hydrogen are the chemical 
elements most frequently observed. 
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114. It is clear from the last few Articles that in all 
cases where refraction takes place we shall have correspond- 
ing to each incident ray, not one, but an infinite number of 
refracted rays. 

For instance, the formula, 






which gives the position of the focus of a pencil after direct 
refraction through a thin lens, will give a different value of 
t? for each different value of /a. Hence corresponding to 
one original point of light there will be a series of points as 
images of it, of different colours, arranged along the axis of 
the lens. 

The object-glass of an Astronomical Telescope will thus 
form a series of images of the original object, one behind 
the other and of different colours. 

The question arises, is it possible to find a remedy for 
this and other effects which may arise from the fact of 
light being decomposed into its elements by refraction? 
Newton supposed that there was no remedy, and was hence 
led to turn his attention to the construction of reflecting 
telescopes. Later discoveries have showed that a remedy 
can be partially, if not perfectly, applied. 

115. If a pencil of white light be passed through a 
prism, it is deviated and also separated into a number 
of different pencils of different colours. If a second prism 
of the same material and size be interposed so as to deviate 
the pencil equally in the opposite direction, it is found that 
the dispersion is also corrected, and the pencils of different 
colours all proceed in the same direction as the original 
pencil ; and in fact reproduce white light, without any de- 
viation from the original direction. 

If the second prism be of a different material, and be of 
such a refracting angle as to produce the same deviation of 
the mean ray, as the former prism, but in an opposite 
direction, it is found that the dispersion is not completely 
corrected. 

Thus in prisms of different materials, which give the 
same deviation, the dispersion is not always the same. 
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On the other hand, since in prisms of the same mate- 
rial the dispersion is found to increase with the deviation, 
it follows that it will be possible to take two prisms of 
different materials which shall give the same dispersion, 
with different deviations. 

If then a pair of such prisms be placed so as to deviate 
a pencil successively in opposite directions, the dispersions 
will be equal and opposite, that is, on the whole there will 
be no dispersion, while the deviations will not be equal, or, 
there will be deviation without dispersion. 

The above remarks are strictly true only if we consider 
two particular rays of the spectrum. 

It is found, for instance, that if A, B, C represent three 
particular rays of the spectrum, the ratio of the dispersion 
of A and B to that of A and C is different for different 
media. Thus if with two prisms of different media we give 
A and C equal dispersions in opposite directions, the dis- 
persions of A and B in the two prisms will not usually be 
equal and opposite. 

Achromatic combinations will thus in general only 
exactly unite two rays, and will be only imperfectly achro- 
matic. 

The fact on which this imperfection depends is caUed 
the irrationality qf dispersion, 

116. Before proceeding to apply these principles to 
the investigation of Achromatic combinations of lenses we 
must define the dispersive power of a medium. 

The dispersive power of a medium may be defined 
generally as the ratio which the difference of the deviations 
of any two rays at opposite ends of the spectrum bears to* 
the deviation produced in a ray somewhere in the middle 
of the spectrum, which we may call the mean ray, when a 
ray of white light passes through a prism formed out of 
this medium. 

This ratio varies with the angle of the prism. For the 
sake of precision we will therefore define the dispersive 
power of a medium as the limiting value of the above ratia 
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when the angle of the prism is indefinitely diminished. 
This will not differ much from its value for moderate 
angles of the prism. 

Let ft be the refractive index of the medium for the 
mean ray, Mv? /^ its refractive indices for two rays at the 
violet and red ends of the spectrum respectively. Let 
Dy i>«, Dr be the deviations of these rays. 

Then the dispersive power of the medium is the limit 
J) _2> 
of the ratio "^ * * when the angle of the prism is indefi- 
nitely diminished. 

But since we are finally to assume the angle of the 
prism indefinitely small, we may mse the last formula in 
Art. 60, and we have 

2>.=(/i,-l)t, 
Hence the dispersive power 

This fraction is usually denoted by the symbol o*. 

117. If two thin lenses be placed in contact with a 
common axis, and a pencil of light be directly refracted 
through the combination, the distances u and v of the 
point of light and its image respectively from the common 
centre of the lenses are connected by the formula 

--- = 7 + 7 (Art;. 76), 

/i\/% being the focal lengths of the lenses. 

Now as above explained (Art. 114) /^ and /^ will differ 
for the blue and red rays, but if we can arrange the focal 

lengths so that 7 + 7 shall have the same value for the 

Ji J% 
two rayd we select^ the value of v will be the same for thesQ 
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rays, and the corresponding images of the original point of 
light will coincide. 

The value of j for the red rays will be 

' ^-)G-.-). 

and for the &y at the other end of the spectrum it will be 

(.-.)a-i)- 

The differoDce between these is • ^ 

<^*iv)(f-;) 



.^.„(1.L) = =. 



if -cji be the dispersive power of the medium of which this 
lens is composed. 

Similarly, if 'STa be the dispersive power of the second 

medium, the difference of the values of -% for the red and 

/a 

blue rays, will be ^. 

ft 

Hence in order that the two images may coincide, we 

must have ^^ + ^=0. 
J\ Jt 

This, therefore, is the condition that two lenses placed 
.in contact with a common axis may form an Achromatic 
combination. It is clear that /i and f^ must have opposite 
signs; one lens must therefore be convex and the other 
concave. 

The object-glass of an achromatic Astronomical Tele- 
scope is formed of two lenses, one concave and the other 
convex, placed in contact, the focal length of the convex 
being the shcNrter, so that the combination may be convex 
on the whole, and by the above formula the concave lens 
must have the greater dispersive power. 
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In consequence of the irrationality of dispersion such a 
combination will not unite all the images, but it can be 
made to unite any two of the most important complement- 
ary colours, and will in so doing bring the others nearer 
to each other. 

118. The refraction through the eye-piece of an astro- 
nomical telescope being excentrical, the axes of the pencils 
undergo deviation, and this deviation will be different for 
the rays of different colours of which the pencil is com- 
posed. 

To form an achromatic eye-piece it is necessary to 
arrange two lenses so that the deviations of two rays 
belonging to the two ends of the spectrum in passing 
through the combination shall be equal. 

It will nearly ensure this if the value of the focal length 
of the equivalent lens investigated in Art. 76 is the same 
for the two rays. The investigation in that Article, it may 
be noticed, depends on the deviation of an excentrical ray 
incident parallel to the axis. 

In practice two convex lenses are always employed, and 
we will therefore take the second formula in that article 



^ fi A AA' 

fnA heing the numerical values of the focal lengths of the 
lenses. 

As in the last article the differences in the values of 

^ and :^ for rays at the two ends of the spectrum are 

^r and ^ respectively. 

Hence the whole alteration in the value of-^is 

F 

^^ I ^« ^ (l-f^i)(l + ^8)-l 

A A AA 

and this must vanish, if the combination is achromatia 
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If the lenses be of the same material ot,='cj2, and the 
condition for achromatism becomes 

1 1 a(2-fCT) 

Ji f% f\f% 

or since 'cr is a small quantity, approximately we have 

1 1 _2a 

This condition is satisfied by Huyghens' eye-piece, since 
in that combination the focal lengths are / and ^ respec- 
tively, and a is 2/. 

Ramsden's eye-piece is not achromatic, as it does not 
satisfy the above condition. 

The above investigation only applies strictly to an- 
excentrical ray incident parallel to the axis, bat it will 
approximately hold for all rays which are not very obliqued 
The condition of achromatism, in fact, varies with the 
obliquity. 

119. It is usual to add a proposition on the condition 
of achromatism of a pencil refracted through two prisms. 

If the angles of the prisms be small, the condition is 
very simple and easily found. 

Let i, i' be the angles of the prisms, 

/i, yi their refractive indices for the mean ray, 

7>, ly the deviations of the mean ray in passing 
through them, 

w, cj' their dispersive powers, 

.-. 2>=(/i-l)i, 2>'=(/i'-l)t'. 

Hence the deviation of the red ray on the whole will 
equal 

Oi,-i)t+0i,'-i)i', 

and that of the violet ray on the whole will be 

0».-l)t + (M.'-l)f. 



and Achromatic Combinations. 141 

But if the combination be achromatic these deviations 
must be equal ; 

/. (/A, - ^r) i + (jlj- fir) »' = 0, 



/A-1 ^ fi-1 

.•.t!r2>+'BT'i>'=0. 

The deviations must obviously therefore be in opposite 
directions and inversely proportional to the dispersive 
powers of the media. 

The formula of Art. Ill will enable the student to 
deduce a condition of achromatism when a ray of white 
light passes through two prisms of finite angles. 



EXAMPLES. CHAPTER IX. 

1. If the prism in Newton's experiment be first placed in 
the position of minimum deviation for red rays, and afterwards 
in the position of minimum deviation for violet rays, examine in 
which case the longer spectrum will be obtained. 

2. Sbew that if the prism employed to produce a pure spec- 
trum be not in the position of minimum deviation, a pure spec- 
trum can be still produced on a screen. Must the screen be 
placed at the primary or secondary focus of the pencils after 
refraction through the lens in Art. 109 ? 

3. If the screen be placed in a plane perpendicular to the 
direction of the light before it passes through the prism in New- 
ton's experiment, prove that for a given position of the edge of 
the prism the length of the spectrum will be proportional to 

{fJ^-fjO Bin i 

cos' I) cos (J)-\-i-<f>) cos » 

/Ay, /i^ being the refractive indices for the extreme rays, 2) the 
mean deviation, i the angle of the prism, and tp, 4> the angles of 
incidence and refraction at the first surface. 

4. The refractive index of a medium for the two rays at the 
red and violet ends of the spectrum being 1*63 and 1*66 respec- 
tively, calculate the dispersive power. 
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5. Calculate the dispersive power of a medium for which 
the refractive indices for the same two rays are 1*53 and 1'54 
respectively, and find the ratio between the focal lengths of two 
lenses formnd of the media m this and the last example, that the 
combination may form an achromatic object-glass for an astro- 
nomical telescope. 

6. Prove that, if / be the focal length of a lens, 'cr its dis- 
persive power, V the distance from the centre of the lens of the 
point to which a pencil of mean rays is made to converge, the 
distance between the foci of red and violet rays for the same 

incident pencil is approximately —^ . 

7. The dispersive power of a medium is '036. The focal 
length of a lens formed of it being 3 feet for mean rays, find the 
distance between the extreme images of the sun formed by the 
lens. 

8. The refractive indices of one medium for three particular 
rays of the spectrum are 1*628, 1*642 and 1*660 respectively. 
Those of another medium for the same rays are 1*525, 1*533 and 
1 '541 respectively. Show that these values exhibit a difference 
of dispersive power and also the irrationality of dispersion. 

9. Prove that if ^ be the angle of incidence of a ray of 
white light on a prism of mean refractive index fi and dispersive 
power 'CT, and ^ be the angle of emergence of the mean ray from 
a second prism of mean refractive index /i, and dispersive power 
^1, the combination will be achromatic if 



CHAPTER X. 

MISCELLANEOUS THEOREMS. 



120. TN the present Chapter we shall collect some mis- 
JL cellaneous Propositions and experimental facts 

which do not exactly belong to the general train of investi- 
gation, but which are usually included in the subject of 
Geometrical Optics. 

121. It is a well-known fact that light requires time 
for its propagation. 

This fact is proved by two astronomical phenomena. 
It was found, by a comparison of difiEerent observations, 
that the eclipses of Jupiter's Satellites, which are pheno- 
mena of great importance in determining the longitude at 
sea, appeared to happen' later or earlier than their calcu- 
lated times, iK^cording as Jupiter was fisirther from, or 
nearer to, the earth. By comparing the times of happen- 
ing of such eclipses when Jupiter was nearest to the earth, 
with their times when Jupiter was at his greatest distance 
from the earth, the time taken by light to travel a 
known distance, the diameter of the earth's orbit, was dis- 
covered, and hence the velocity of light was known. 

A nearly equal value of the velocity of light was deter- 
mined by the phenomenon of aberration ; a small displace- 
ment in the position of a star which was discovered by 
Bradley to arise from the composition of the velocity of 
light with that of the earth. For a full account of this 
phenomenon the reader is referred to any treatise on 
Astronomy. 
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122. The velocity of light has also been determined by 
direct experiment in two ways, one of which we will de- 
scribe. In this, which is known as Fizeau's method, 
from the name of its inventor, the light is made to travel 
from one station to another at a distance of two or three 
miles from the first and back again ; and the time in which 
this distance is traversed is determined in the following 
manner. 

Fig. (1). 





O is the object-glass of a telescope, B its eye-piece. The 
telescope is placed at the one station, and is pointed to 
the other station, at which is placed a convex lens whose 

Fig. (2). 




centre is C and whose axis nearly coincides with that of 
the first telescope. At the focus of this lens behind it 
is placed a mirror B whose axis coincides with that of the 
lens C, and which is best made as a portion of a sphere 
whose centre is C. 

Near the eye-piece of the telescope a small lens F is 
placed in the side of the tube of the telescopa Outside 
and in front of this lens, as at A, is placed a candle or 
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laminous point of some description. The rays from A fall 
on the lens F and are refracted by it so that they would 
converge to a point within the tube of the telescope. A 
piece of plane glass is placed to intercept these rays before 
they converge, and being placed at an inclination of 45^ to 
the axis of the telescope, reflects the pencil so that its axis 
after reflection is parallel to that of the telescope. The 
rays will thus converge to some point, as P, and then 
diverge and fall upon the object-glass 0. The positions of 
A, F, and H are so chosen that the point P is at a dis- 
tance from equal to the focal length of the object-glass. 
The pencil from P will thus emerge as a pencil of parallel 
rays, whose direction is parallel to PO, The light will pro- 
ceed to the second station, fall upon the lens (7, and be 
refracted to converge to a point on the mirror B. By this 
mirror the rays will be reflected back on to the lens C and 
again emerge as parallel rays in their original direction. 
They will come back to the l^ns and be made to converge 
to the point P, whence again diverging, some of them will 
pass through the plane glass H and fall on the eye-piece Ey 
thus giving to the eye vision of a bright point at P, 

123. A wheel represented in Fig. (2) having a large 
number of equal teeth, the space between any two conse- 
cutive teeth being just equal to the width of one tooth, 
and which can rotate about an axis through its centre per- 
pendicular to its plane, is placed with its plane at right 
angles to the axis of the telescope. It is so placed that as 
it rotates its teeth shall just pass through the point P and 
consequently, as the wheel is turned round, the light which 
comes into the eye will be stopped whenever a tooth is at 
P, and will pass when an opening is at P. 

If the wheel be at rest with an opening at P, the light 
will pass out and in just as before ; but if we can make the 
wheel turn with such a velocity that the light which went 
but through an ox)ening shall just find a tooth in its way 
when it comes back, the light will be altogether prevented 
from reaching the eye. 

It ia clear that if there be n teeth and n openings, 

the wheel must be turned through an angle - while the 

n 

A. G. 0. 10 



146 Miscellaneous Theorems, 

light travels from one station to the other and back, in 
order that the light which went out at each point of any 
opening may be stopped by the corresponding point of the 
next tooth. 

If therefore we can measure the rate of rotation of the 
wheel when it is moving just so fast as to stop all light in 
returning, we can determine the velocity of light. 

This was done by M. Fizeau, and the result agreed very 
nearly with that obtained from Astronomical observations, 
but gave a result very slightly smaller. The velocity deter- 
mined by this experiment is in fsuci the velocity of light in 
air, while that determined from Astronomical phenomena 
is nearly its velocity in a vacuum. 

124. It is clear that if the velocity of the wheel either 
slightly fall short of, or slightly exceed, this particular ve- 
locity, some portion of the light will get through. 

Thus, if we begin by making the wheel revolve slowly, 
only that portion of light which passes out through the 
last part of an opening will be stopped in returning ; but, in- 
asmuch as half the light will bo stopped in passing out by 
the teeth, either the appearance will be that of an inter- 
mittent light if the velocity be very slow, or will be a 
continuous light of less than half the brightness which 
it had when the wheel was stationary, if the rotation be 
so rapid that a continuous impression is produced on the 
retina. 

As the wheel rotates more rapidly, more of the light 
which goes out at any opening will be stopped by the next 
tooth, and the image will gradually grow fainter, until we 
reach the exact velocity which causes all light to be 
stopped. 

If the wheel be made to revolve still feister, some of 
the light which went out at the end of one opening will 
come back through the beginning of the next opening, 
and a faint image will reappear, which will continually 
increase in brightness as the velocity of the wheel is 
increased, until, when this velocity is just double of that 
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Which produced the total eclipse, all the light which passed 
out through one opening will return through the next. 

An image of half the brightness of the original point of 
light will thus be seen. 

Making the wheel revolve still faster, some of the light 
will begin to be stopped by the second tooth, and the 
brightness of the image will decrease, until, with a ve- 
locity three times that which gives the first eclipse, all 
the light which passes out at any opening will be stopped 
in returning by the second tooth, and there will be a 
second total eclipse. 

By proceeding in this way, a series of maxima of bright- 
ness, alternating with eclipses, will occur, and by mea- 
suring the velocities of rotation of the wheel which produce 
them, we can obtain a series of independent determinations 
of the velocity of light. 

125. The other method of determining the velocity of 
light by experiment depends on the use of a revolving 
mirror. Its special value consists in determining the 
difference between the velocities of light in air, and in 
passing through a dense medium, as water, respectively. 

A description of this method, known as Foucault's 
method, can be found in Billet's Traite cTOptique Phy- 
sique, § 36, or in Parkinson's Optics, Art. 47*# We shall 
not describe it here. 

126. When light from any source falls on any surface, 
some portion of the light is scattered and makes the sur- 
face visible. The proportion of the quantity of light 
scattered to the whole quantity that is incident, de- 
pends very much on the nature of the surface. Thus, 
when light falls on a smooth piece of glass, scarcely any 
of it is scattered, while, when the same light falls on a 
piece of white paper, a very large part of it is scattered, 
and the paper appears brightly luminous. 

This scattered portion may, however, when the nature 
of the surface remains unchanged, be assumed to be pro- 
portional to the whole quantity of light which is incident, 

10—2 
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and there are one or two propositions in relation to it 
which are of some interest. 

127. We must first give the following definitions: 

The illumination at any point of a surface, uniformly 
illuminated from any source of light, is measured by the 
quantity of light scattered by a unit of area of the sur- 
face. 

The illumination at any point of a surface, not uni- 
formly illuminated, is measured by the quantity of light 
which would be scattered by a unit of area of the surface, 
supposed illuminated uniformly with the same intensity 
as the point considered. 

Thus, if Ik be the whole quantity of light scattered by 
a portion of the surface, whose area k is so small that it 
may be supposed uniformly illuminated, / will clearly be 
the illumination of a unit of area equally illuminated with 
this small element, and will thus be the measure of the 
Olumination at any point of the element of area. 

128. If a pencil of light proceed from any point, and 
we imagine sections of this pencil made at yarious dis- 
tances and inclinations, the quantity of light which falls 
on planes placed so as to coincide with these sections wiU 
be the same ; and thus the illumination at any point of 
any one of them will eyidently vary inversely as the area 
of the section, always supposing the pencil so small that 
the illunkination may be supposed uniform over e»f^ sec- 
tion. 

Let us now suppose (7 to be the vertex of «uch a pencil, 
which we will assimie to be in the form of a right cone 
whose axis is OP, 
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Let / measure the illamiiiation at any point of a 
section CD of this cone, made by a plane at right angles 
to OPf at a unit of distance from 0. • 

Let F represent the illumination at any point of a 
section AB of this cone, made by a plane which cuts the 
axis of the cone at a distance OP from 0, and is inclined 

to OP at an au^le -^—0, so that B is the angle of incidence 

of the Hght on this plane, that is, the angle between OP 
and the normal to this phme. 

Then, the quantity of light falling on these two sections 
being the same, we have 

/ ; J' :: area of section AB : area of section CD, 

But if we draw through P a section EF at right angles to 
OP, this section will be to the section CD in the ratio of 
the squares of their radii, that is^ in the ratio of the squares 
of their distances from ; 

,\ area of section ^^=:area of section CD x OP*. 

Again, since we suppose the solid angle of the cone to be 
very small, we may suppose the section EF to be the 
orthogonal projection of AB on the plane EF, 

Hence, by the theory of projection^ 

area of ^P^area of AB x cos ^ ; 

.% area of section CD = area of AB x 



But 



OP^' 

r area of section CD 
/ area of section AB ' 

cosd 



Hence /'=/. >ypj . 

Hence rince, if the source of light and the material of 
the surface on which the light falls be given, the value of / 
is a definite quantity, we may say 

J, ces^ . 

{hat % the illumination produced at any point of a 
surface of given material by a given source of %ht, varies 
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directly as the cosine of the angle of incidence, and in- 
versely as the square of the distance of the point of the 
surface from the source of light. 

129. By means of this principle, instruments hare 
been devised for comparing the intensities of different 
illuminating sources. 

It is clear that for different sources of light the quantity 
/of the last article will be proportional to the intensity of 
the source, and may therefore be taken as a measure of the 
intensity in any particular case. 

If then we dispose two screens of the same material in 
such a manner that the illumination produced at definite 
points of them by the two sources of light shall be equal, we 
shall only have to measure the values of OP and cos 6 for 
the two sources of Ught, and, the values of F being the 
same in the two cases, the ratio of the two values of / will 
be obtained. 

This method is practicable because, although the eye is 
not able to judge of the ratio of the intensities of two 
illuminations which differ from each other, it can judge 
tolerably accurately of the equality of two illuminations. 

130. One very simple method is to allow a screen to 
be lighted by both sources of light, and to place a stick 
between this screen and the two sources. Each light will 
cast a shadow of the stick on the screen, and the lights 
must be moved until these shadows appear of equal dark- 
ness. The screen being lighted by both lights and each 
shadow only lighted by one, it is clear that when this is the 
case the illuminations produced on the screen by the lights 
will be equal ; and if the lights be so placed that the angle 
of incidence is the same, the illuminating powers of the 
lights will be directly as the squares of their distances from 
the screen. 

131. Another contrivance for effecting the same thing 
consists of a screen of paper, the greater portion of which 
^s rendered translucent by being soaked with oil, while a 
small circular portion in its centre is left opaque. The two 
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lights whose intensities are to be compared are placed on 
opposite sides of this screen. If the lights be placed at 
equal distances from the screen, the opaque part of the 
screen will appear brighter than the translucent part on 
that side on which is the stronger light, while on the other 
side, the reverse will be the case. A reflector is placed 
on each side of the screen, inclined at an angle of 45*^ to it, 
so that an observer standing opposite to the edge of the 
screen can see the reflections of the two sides simultane- 
oa)ly. If the lights are adjusted so that the illuminations of 
the two sides appear equal, the intensities of the lights are 
directly proportional to the squares of their respective 
distances from the screen. 

132. A possible disadvantage attending the arrange- 
ment described in the last Article is, that the reflections of 
the two sides of the screen are seen one by the right eye 
and the other by the left eye of the observer, and the two 
eyes of the same person are seldom of exactly the same 
power. This defect is obviated in Ritchie's Photometer. 

This consists of an oblong box open at each end; about 
the middle of this box are placed two reflectors CD, ED 
inclined at 45^ to its length, and cut from the same piece 




pf glass, to ensure equality of reflecting power ; just above 
the lino of intersection of these mirrors and parallel to^his 
line is a slit in the top of the box, covered with a piece of 
parchment or paper. 

The lights to be compared are placed, one opposite to 
each end of the box, so that the light from them falls on 
the mirrors CD and DE, and is reflected so as to illuminate 
the parchment which covers the slit An eye looking 
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down on tliiff parchment, through a tube blackened in- 
ternally so as to prevent extraneous light from interfering^, 
will see the two parts of the parchment illuminated by the 
two sources of light respectively. The lights must be 
moved till these two parts appear equally bright ; the in^ 
tensities of the lights are directly proportional to the 
squares of their distances from the mirrors when this is the 
case. 

133. The calculation of the illumination produced at a 
given point of a surfoce by a finite illuminating sur&ce 
involves a principle which may be thus stated : 

Any self-luminous surface of uniform brightness appears 
equally bright, whatever may be its distance from the eye 
and at whatever angle it may be inclined to the line of 
sight. 

For instance, in looking at a mass of uniformly heated 
glowing iron in a furnace, the eye is unable to detect any 
variation in the apparent brightness of the different poi^- 
tions of iron due to their different distances or different 
inclinations to the line of sight. 

Anoilier illustration is afforded by the the fact that the 
different portions of the sun's disc appear equally bright^ 
although they are at different distances and inclinations to 
the line of sight. 

Thus we may say generally that any portion of a 
luminous surface sends as much light to the eye as any 
other portion of the same surface, at whatever distance, or 
however placed, which subtends the same solid angle at the 
eye. 

As a particular case of this proposition, any element of 
the surface will send out obliquely an amount of light 
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which is to that which it emits directly, in the ratio of ran ^ 
to unity, 6 being the angle which the direction of emission 
makes with the surface. For if PQ be any element of the 
surface^ and PE the oblique direction of emission, the 
amount of light emitted in that direction will only be the 
same as would be emitted directly by a portion of tho 
surface PIT, where QH is drawn parallel to, and PH 
perpendicular to, PE. But PH^^PQsmd, whence the 
required result follows. 

l34. Let AB be any uniform illuminating surface^ and 
let P be any point in a plane at which the illumination is 
required. With P for vertex and with the boimdary of 
AB for base, describe a cone. Also with centre P and 
any radius Pa describe a sphere which will cut this cone 




in some curve db. If the portion of the surface of the 
sphere contained within this curve were supposed to be of 
illuminating poww equal to that of AB, by the last Articler 
the illumination produced by it at P would be the same as 
that produced by AB. 

let e be any small element of this spherical surfkce, 
and let S be the angle which eP makes with the plane at P. 
Then, if C' be the intrinsic illuminating poWer of AB, tho 
illuminatioa produced by « at P wHl, by Art 129, 

^^ sJokB _ C,e sin 

~ (tPe^" . Pa" • 
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But e sin B is the projection of the small area e on the 

plane in which P lies, since „ — ^ is the angle between that 

plane and the element e. Hence the whole illumination 
produced by AB at P 

6^ X projection of surface included within the curve ab on plane a t P 

Pa' ' 

a formula which can often be made of use in calculation. 

135, A useful and important example of the last 
Article is found in the investigation of the illumination 
produced at any point of a surface by a uniformly luminous 
sphere. 

Let be the centre of the luminous sphere, a its radius. 
Let P be the point in the surface at which the illumination 
is required to be found, and let be the angle between OP 




and the tangent-plane to the surface at P, that is, the plane 
with which a small element of the sur&ce at P may be 
supposed to coincide (Art. 9). Let OP=c, 

Let lines be drawn from P touching the sphere. It is 
clear that all these lines will lie on a right circular cone 
whose vertex is P and whose semivertical angle is the 

angle whose sine is - . With centre P, and any radius Pa, 

c 

describe a sphere, which will cut the cone in a circle ab. 
The projection oi the portion of tHe spherical surface in- 
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eluded by this circle on the plane at P is the same as the 
projection on the same plane of the area of the circle itself, 
fmd therefore equals 

^. Pa^ sin« OP A sin ^=7r .Pa«. -= sin B. 

Hence the illumination at P produced by the sphere 

C 7r,Pa*.a^ . ^ 
X n sin 



Pa* (^ 

Ck€? 



C" 



sin^. 



This expression gives the illumination at a point P. 
The illumination on the element of surface containing P is 
obtained by multiplying this expression by the area of the 
element 



EXAMPLES. CHAPTER X. 

1. If the wheel in Fizeau's experiment have 720 teeth and 
make 2\\ turns in a second, when the first eclipse takes place, 
find the velocity of light; the distance between the stations being 
three miles. 

2. The light from two sources is allowed to fall on the same 
screen. One light is at a distance a and the light falls directly 
from it on the screen. From the other^ which is at a distance 3a, 
the light falls at an obliquity of 60^. The illuminations of the 
screen from the two sources being equal, compare the intrinsic 
brightness of the two lights. 

8. A luminous point is placed at the focus S of an ellipse. 
Two focal chords PSp and QSq are drawn. Shew that the sum 
of the illuminations of the arcs PQ, and pq is the same as long as 
the angle PSQ is the same. 

Hence find the whole illumination of the perimeter of the 
ellipse. 
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4. A "^ety narrow band of nniform breadth k \a bont into 

the form of an elUptical hoop. A luminous sphere, of radius a 

and intrinsic brightness I, is placed with its centre at the fooua 

of the ellipse. Shew that the whole illumination of the hoop is 

4ir'a' kI 
equal to ' — , where L is the latus rectum of the sUipse, 

5. ^ind the position of a bidgbt point which equally illumi- 
nates the three sides of a given triangle. 

6. A small plane area is placed at right angles to the axis of 
a paraboloid of revolution whose convex surface is uniformly 
luminous. Prove that the illumination produced at the point of 
the plane where it meets the axis varies inversely as the distance 
of this point from the foous of the paraboloid. 

7. A small plane area is placed parallel to a plane lamina of 

intrinsic brightness /, of breadth 2a, and of infinite length, at a 

distance c from the centre of the lamina in a line perpendicular 

to the lamina. Prove that the illumination at the centre of the 

, . iral 

plane area is , . 

8. Shew how to calculate the illumination produced by a 
window on a point of the floor directly in front of the centre of 
the window : the window being supposed to reach to the level of 
the floor. 

9. Two spheres are luminous, and a small plane atea is 
placed on a line joining their centres, its plane being perpendicu- 
lar to this line. Find where it niuBt be placed in order that its 
two surfaces may be equally bright. 

10. Three equally bright points are placed at the angular 
points of an equilateral triangle. If a plane area be placed at 
the centre of Uie triangle in any manner, shew that it will be 
equally bright on both sides. 

11. A triangular prism, whose nine edges are all equal, is 
placed with one of its rectangular faces on a horizontal table, and 
illuminated by a sky of uniform brightness ; shew that the totiil 
iUttminations of the iacMned and vertical faces are in the xatis of 
2v'3tol. 
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12. A luminous point is placed on the axis of a truncated 
conical shell; prove that the whole illumination of the shell 
varies as 

c. ^ c. 



where Oj, a, are the radii of the circular ends of the shell, and Ci, 
Cs the distances of the luminous point from their planes. 

13. The sides of a triangle are the bases of three infinite rect- 
angles of the same brightness, whose planes are perpendicular to 
the plane of the triangle : shew that all points within the triangle 
are equally illuminated. Find the position of a point in the 
plane of the triangle, such .that the illuminations at that point 
received from the three rectangles may be equaL 
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THE EAINBOW. 



136. TN this Chapter we propose to give a brief 
X explanation of the formation of a Rainbow, as 

far as it can be done by the principles of Geometrical 
Optics. 

137. If a pencil of parallel rays falls on a refracting 
sphere, some portion of the light will be reflected exter- 
nally, some portion will be refracted into the sphere. Of 
this latter part, when it is incident internally at the surface 
of the sphere, some portion will emerge, and another portion 
will be reflected internally, and be again incident on the 
internal surface of the sphera At this second incidence 
the same division will again take place, and so on, at each 
successive internal incidence.. 

The primary and secondary rainbows are produced by 
portions of sunlight which, having been incident on raindrops, 
emerge after one or two internal reflections respectively. 

We have therefore to consider mainly the circumstances 
attending the refraction and reflection of these portions in 
the case pf light incident on a sphere of water. 

138. Let PQ be the axis of a pencil of parallel rays 
incident on a refracting sphere at Q, refracted at Q along 
QBf reflected internally at /?, and again incident at S, 
Let ST he the direction of that part which emerges at S, 
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and 8U the direction of the reflected part, which is inci- 
dent internally again at Uy where some part of it emerges 
along UV, 




We shall first examine the positions of the primary fod 
of the pencils emerging at S and U respectively. 

Let (f> be the angle of incidence at Q, <^' the angle of 
refraction. It is plain that <^' will also be the angle of 
incidence at R, S and Uy and that <^ will be the angle 
of emergence at Sor U. 

Let /A be the index of refraction, r the radius of the 
sphere. Let qi, q^, q^ be the primary foci after refraction 
at Qy reflection at 72, and emergence at S respectively. 
Let q^y 5a be the primary foci after reflection at 8 and 
emergence at U respectively. Then, by Art. 46, since the 
incident x>encil consists of parallel rays, 

^ ar cos' <A' 

Qqx= A, — ^^-— r. 

*' /aC0S<^-C0S^ 
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But jei2=2rco8<^'; .\ Rq^=2r cob <l>' - ^ tireo&^^f 

., UC0S6' — 2CO8 
/LtCOS^ — CO89 



And by Art 45, 



' + ^ 



- „ ,, u CO8 6' — 2 cos c& 

whence /?$'a=rcos<^'.^= 5^ — ^; 

^" ^ /A cos <^ - 3 cos <^ * 

• .SVy -rrORr/.' /XC0S<^^-4C08<^ 

. . Ova — r cos o . 77 — -r , 

^ ^ /Lt COS9 -3CO8 

But by Art. 46, 

^^^'^ C08><A^ -^C08<^-C08»^ 

whence 'S^^s- 20ico8<^'-2co8<^) W* 

By proceeding in this way it will be easy to obtain a 
second result 

TT^ _ rco8^0xcos<^^-6co8<f)) 

^^'^ 20*cos<^'-3cos<^) ^^^• 

We may notice incidentally that Sqs and Uq^ respec- 
tively become infinite, that is, the rays in the primary 
plane emerge as a pencil of parallel rays after one or two 
internal reflections, when 

2COS<^ = /LlC08^', 
3COS<^=/LlCO8 0', 

respectively. 

X39. We shall now restrict ourselves to the considera- 
tion of the portion of light which emerges after one internal 
reflection. 

The deviation of the axis of the pencil at Q is dearly 
4>-4/: at B its deviation is 2fr-2^'; and at S it underu 
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goes a farther deviation in the same direction of 0—^'. 
Its deviation on the whole is therefore 

= 27r-2{<^'-(<^-<^0}. 

Now we know by Articles 56 and 62, that ^'•^' 
increases as ff/ increases, but that for a given increment 
given to ^', the increment of <^— 0' is larger, the larger the 
valae of 4>'* 

Hence if we take a series of pencils whose axes are in- 
cident on the sphere at different angles, beginning with 
direct incidente and gradually increasing the obliquity, 
^-0' and <f/ will both increase, but at first the increment 
oiffi-ff) will be less than that of (t>\ while finally the incre- 
ment of 0— <^' may be greater than that of <i>. Hence in 
this case there must be some value of <^' for which the in- 
crement of ^— <^' is just equal to that of ^'. 

When 0' is small we thus have op the whole 2^'—^ 
increasing and therefore the deviation of the axis decreas- 
ing, while when (f/ is large we have 20'— decreasing, and 
thus the whole deviation increasing. * 

There is therefore a value of xf/ such that the deviation 
is a minimum, and this value is evidently given by the 
above condition that the alteration in 0—0^ for a given 
small change of 0' is exactly equal to the alteration in the 
value of <^\ 

This value of tf/ we proceed to investigate. 

140. Let 0' be changed to 0' + a where a is small, then 
by the above condition, the new value of 0— <^' must ex- 
ceed the old value by a. Hence if ^ be the new value of 
0, we must have 

•*• ^ = + 2a; 
/. sin (0 + 2a)=/i sin (0'+a) ; 
but sin 0= /A sin 0'; 

A.G. 0. II 
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• .'. Bin(^+2a)— 8iii^=/A{8in(^'+a)— sin^'}; 
/. 2co8(<^+a).Bma=2/iCOs[^' + |j.8in^; 

/. 2 COB (0 + a) /cos I = /A cos (0'+f ] 5 

or, since a is to be a yery small increment, this giyes ns 

2 COB ^ - /A cos 0'. . .( 1). 

If a real valne of 0' can be determined from this eqtia- 
tion, for that value the deviation mU. be a minimnm. It will 
be noticed that (1) is also the condition that the oblique 
pencil may emerge after one internal reflection as a pencil 
of parallel rays (Art 138). We have also 

Bin0=/Asin<^'...(2). 

Squaring and adding these two equations we obtain 

4 cos' <f> + sin* ^=ft' 5 

.'. 3cos*0=/i*-l; 



/. CO80 



"V 3 ' 



which gives the angle of incidence for a minimum deviation. 
In order that the value of ^ may be real, /i'— 1 must be less 
than 3, or /a must be less than 2. This is the case with 
water. 

141. Let U8 now consider a beam of sunlight incident 
on the surface of a raindrop. Let be the centre of the 
drop, SO the direction of incidence of the sun's light. Let 
SQ be that ray which is incident on the drop at the angle 
<l> discovered in the last article, SP any other ray. 

The ray which comes in the line SO is reflected back 
along OSy and its deviation is 180^ As the point of inci- 
dence passes from A towards Q, the deviation decreases 
and the ray which emerges after one internal reflection 
comes out in a direction continually more and more inclined 
to OS, until, when the ray Ib incident at Q, the direction of 
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emergence attains its greatest angular distance from 0S\ 
when the point of incidence passes Q, the deviation again 
increases and the ray emerges at a less inclination to 08. 

Also, considering the whole beam of smilight which 
comes on to the npper half of the drop, as made up of a 
nmnber of small pencils, the pencil whose axis passes ¥dth 
minimum deviation alone emerges as a pencil of pandlel 
rays in the primary plane. 

Thus if an eye be placed at a considerable distance from 
this drop, the only light which will produce any great im- 
pression on the eye will be that which emerges vdth mini- 
mum deviation, as all the other small pencils will have 
diverged considerably before they reach ^e eye, and only 
a very small portion of them wiU enter the eye. 

142. Let us now suppose Ay B, C7, Dto be a number of 
raindrops arranged in a vertical line, and let sunlight come 
upon them alL Let an eye be so placed that light) which is 
emeigent from B with minimum deviation after one inter- 
nal reflection, enters it From A, which is above B, it is 
clear that no light will enter the eye, while from B strong 
light will enter the eye. From C some faint light will enter 
the eye, caused by divergent pencils whose deviation is 
slightly greater than the minimum, and a little sensible 

11—2 
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illumination from drops a little lower stilL Thus the eye 
will see a bright point in the direction of B, while there 
will appear to be no light above B, but light rapidly di- 
minishing in intensity below B. 

Through E draw a line EF parallel to the direction of 
the incident sunlight Then it is clear that, if we draw 
any plane through EF inclined to the vertical, a similar 
appearance will be produced by the raindrops which at any 
instant lie in this plane. 

Thus on the whole there will be seen a portion of a 
ring of light, whose apparent angular radius is the angle 
BEFy and whose centre is in the line EF^ that is, exactly 
opposite to the direction of the £un ; outside this ring is 
comparative darkness, while within it there is a certain 
amount of illumination, decreasing as we recede from the 
border. 

143. We have hitherto taken no account of the different 
refrangibilities of the various rays of which sunlight is 
composed. 
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The angle <^, obtained in Art 140, and consequently the 
minimum deviation, will however be different for different 
values of /x. The statements of the last Article will be true 
for each kind of light, but the size of the rings being differ- 
ent for different values of /*, there will not be a bow of 
white light but a series of bows, partly overlapping each 
other, corresponding to the different rays of the spectrum. 
The only important point to be investigated is the variation 
of the size of the ring for different values of the refractive 
index. 

The angular radius of the bow in any case is easily seen 
from the figure in Art 141 to be 2 (2(t> -((>). In fact the 
bow will be largest when the minimum deviation is least 

Now 8ii>(20' — ^) = sin 20' cos ^ — cos 20' sin 
= 2 sin 0'cos0'cos0— (cos"0'-sin*0') 'fisin 0' 
= /I sin 0' cos' 0' — fi sin 0' (cos* 0' — 8in'0'), 
(since when the deviation is a minimum fi cos 0'= 2 cos 0), 

=/Lisin'0' 
_ sin^ 



Butco8 = ^^^-— ; .•.8in0= / 



4-u2 



Hence if a be the angular radius of the bow corre- 
sponding to any value of /a, we have 

. a (4-/ig)* 
®^'^2"3fiV3 • 

It is evident from this formula that the greater the 
value of /i, the less will be the value of a. Hence the red 
bow has the largest radius. Within the red bow will be a 
series of bows, of colours somewhat mixed but gradually 
varying from red to violet Inside this coloured border 
will be a space of sky sensibly brighter than the average. 
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while beyond the red margin the sky will appear oompara- 
tiyely dark. 

These phenomena are not affected by the fact that the 
raindrops are not stationary. If a shower of rain be falling 
and sunlight be incident on the drops, a series of drops in 
rapid succession will appear in the direction of ^ in 
Art. 142, and a continuous impression will be produced on 
the eye. 



144. A somewhat similar investigation applies to the 
light which emerges after two internal reflections, and 
which produces the secondary rainbow. The deviation of 
the ray in this case is 

And by reasoning similar to that in Art 139, it can be 
shewn that the deviation will have a minimum value 
when 

3cos<^=fiCOS^'; 



whence 



cos 



*'^/'^- 



For this value of 0, a small pencil will consist of parallel 
rays in the primary plane on emei^ence after two internal 
reflections (Art 138). 

In the accompanying figure PQ is the incident ray 
which passes with minimum deviation, and finally emerges 
along TU, The deviation being 4ir - 2 (3</>' — 0), it is clear 
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that the ang^ar radius of the bow is less than this by 29r, 
or is equal to 2?r— 2 (30'— <^). 

It will be found that if ^^ be a drop from which light 
enters the eye with minimum deviation after two internal 
reflections, no light will enter the eye from drops below A^ 
while faint light will reach the eye from drops above A, 
Thus the space within the secondary bow will be darker, 
while outside the bow will be light gradually fading away. 

The minimum deviation can be shewn to increase with 
/i. Hence the radius of the bow, which increases with the 
minimum deviation, is greatest for violet light and least for 
red light. 

The radius of the secondary bow is considerably larger 
than that of the primary bow. 

145. Rainbows may theoreticaUy be produced by light 
which has been internally reflected more than twice, but 
the intensity of the light diminishes so rapidly at each re- 
flection that they cannot be seen practically with sunlight 

The theoretical investigation of such rainbows can be 
carried out in a similar way to that in which we have dis- 
cussed the primaiy rainbow. 



MISCELLANEOUS EXAMPLES. 



1. If a pencil of parallel rays be incident obliquely on a 
refracting sphere, and emerge after one internal reflection with 
the least possible deviation, prove that the distance between the 

primary and seoondary foci after the first refraction is , : 

r being the radius of the sphere. 

2. Shew that if /3 be the angular radius of the secondary- 
bow corresponding to any value of /a, 

2 8/A» 

3. If bubbles of air were rising in water, would a fish see a 
bow corresponding to a rainbow ? 

If drops of liquid of mean refractive index 2 were falling in 
the air, what would be the order of colours in the bow which 
would be formed ? 

4. A very short-sighted person, who is capable of seeing 
nothing distinctly beyond 3 inches, is able to see distinctly a 
small object distant 3^ inches, through a pane of glass whose 
re&active index is | : fibnd the thickness of the glass. 

5. Four convex lenses, whose focal lengths are a, h, b, a 

respectively, are placed at intervals a + 6, 26 7 , a + 6, on the 

same axis : shew that a pencil of light, after refraction through 
all four lenses, diverges from the point from which it originally 
emanates. 

6. A lens is moving with velocity p perpendicular to its 
axis, and an object at a distance a from the lens is moving with 
a velocity q across the axis in the opposite direction. Find the 
focal length of the lens, that to an eye on the other side of the 
lens the object may appear at rest. 
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7. A cylinder is made of a traDiparent surface whose refrac- 
tiye index is greater than \/2 ; shew that when it is looked into 
by an eye situated anywhere on its axis produced, the whole of 
the inner curved surface will glisten brightly as compared with 
the inside of the opposite end. 

8. Two rays proceed from the foci S, ff of ml ellipse, along 
the lines SP and HQ and are reflected at the ellipse ; find the 
position of a plane mirror so placed that each ray after reflection 
at the mirror may return to the focus ; and prove that the sum of 
the lengths of the paths of the rays is constant for all positions 
of P and Q. 

9. A ray is refracted from vacuum through a series of platesi 
whose refractive indices are such that the ray suffers an equal 
amount of deviation a at each boundary. li fi, he the absolute 
refractive index of the r^ medium, prove that fi^ sec a is a har- 
monic mean between /i^.^ and /a^^. 

10. Two parabolas have a common focus and axis, and their 
concavities are turned ia the same direction. The inner surface 
of the outer parabola and the outer surface of the inner can 
reflect light A ray of light starts from a point P on the outer 
towards the focus, aod after 2n reflections strikes the inner again 
at Q. Shew that the distance traversed by the ray is greater 
than the difference of the distances of P and Q from the focus by 
n times the difference of the latera recta. 

11. A transparent sphere is silvered at the back, prove that 
the distance between the images of a speck within it formed (1) 
by one direct refraction, (2) by one direct reflection and one 

direct refraction is -, r— ; jttj « being the radius 

(a+c-fic) (jM+c-Sc)* * 

of the sphere, and c the distance of the speck from the centre, 

measured towards the silvered side. • 

12. Q is a luminous point situated anywhere on the cir- 
cumference of a reflecting circle, QP is any ray incident at P ; 
PQ is the chord of the circle in the direction of the reflected ray. 
If 9 be the point in which this reflected ray cuts the ray reflected 
from a point consecutive to P, prove that Q'q=2Pq. 

13. A ray of light, traversing a homogeneous medium, is 
incident on a globular cavity within it: supposing the limit of 

A. G. 0. 12 
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the magnitude of the deriation of the ray, produced by its passing 
through the cavity, to be 9, prove that ^e index of refraction of 

the medium is sec - . 

14. A reflecting polygon of an even number of sides can be 
inscribed in a circle: prove that if a ray of light proceeding from 
a point in any side returns to the same point after having been 
reflected at each side in succession, it will retrace its path. 

15. An eye is placed dose to the surface of a sphere of glass, 
which is silvered at the back ; the refractive index from air to 
glass being f , prove that the image which the eye sees of itself 
is f of the natural size. 
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As far as practicable, exercises, largely numerical, are given on the dif- 
ferent Theorems, that the pupil may learn at once the value and use of 
what he studies. 

, Hypothetical constmctions are throughout employed. Important Theo- 
rems are proved in more than one way, lest the pupil rest in words rather 
than thinn. Problems are regarded chiefly as exercises on the Theorems. 

Short Appendices are added on the Analysis of Reasoning and the Appli- 
tation of Arithmetic and Algebra to Geometry. 

Elementary Analytical Geometry for Schools and 

Beginners. By T. G. Y YVYAN, Fellow of Gonville and Caius College, 
and Mathematical Master of Charterhouse. Second Edition, revised. 
Grown 8vo. 7s. 6d. 

Trilinear Co-ordinates, and other methods of Modem 

Jnalutieal Oeometry of Two Dimensions. By the Rev. W. ALLBN 
WHITWOBTH, M.A., Professor of Mathematics in Queen's OoUegt. 
' Liverpool, and late Schblar of St John's Golle^, Cambridge. 8to. 16«. 
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An Introduction to Plane Co-ordinate Geometry. 

ByW. P.TUKNBULL, M.A.,FeUowofTriiiityOoUege. 8yo. Ut. 

Elementary Geometrical Conic Sections. By W. H. 

BESANT. M. A., late Fellow of St John's GoUege. Fcap. 8vo. U. fkL 

Conic Sections. Their principal Properties proved 

Geometrically. By the late W. WHEWELL, D.D., Master of Trinity. 
Third Edition. 8to. 2t. M. 

The Geometrical Construction of a Conic Section. 

By the Rev. T. GASKIN. 8to. Ss. 

A Treatise on the Application of Analysis to Sob*d 

Geometry. By D. F. GREGORY, M.A. and W. WALTON, U.A. 
Second Edition. 8to. 12f. 

The Elements of Conic Sections. By J. D. 

HUSTLER, B.D. Fourth Edition. 8to. 4#.6d. 

Elementary Treatise on Solid Geometry. By W. 

S. ALBIB, M.A. Sto. Bs. 

A Treatise on Plane Co-ordinate Geometry. By 

the Rev. M. O'BRIEN. 8vo. 9t. 

Problems in illustration of the Principles of Plane 

Co-ordinate Geometry. By W. WALTON, M. A Syo. Ite. 



DIFFERENTIAL AND INTEGRAL GALGULUS. 

I 

An Elementary Treatise on the Differential Calcu- 
lus. ByW.H. MILLER, M. A. Third Edition. 8to. 6i. 

Treatise on the Differential Calculus. By W. 

WALTON, M. A 8to. 10s. 6d, 

Qeometrical Dlustrations of the Differential Calcu- 

lni. ByM.B.FELL. 8vo. 2f . 6(1. 



6 MATHEMATICAL TEXT BOORS PUBLISHED BT 

ASTRONOMY. 
An Introduction to Plane Astronomy. For the 

Um of Colleges and Schoolfl. By P. T. MAIN, M.A., Ifellow of 
8t John's CoUege. Second Edition, with additions 4s. 

Practical and Spherical Astronomy for the use 

chiefly of Students in the Univenities. By the Rev. B. MAIN, M.A., 
SadcUffo Obsenrer, Oxford. Svo. 14i. 

Briinnow's Spherical ALstronomy. Translated by 

the Ber. B. MAIN, MA. F.B.S., BadcliffiB Obeerrer. Part I. In- 
cluding the Chapters on Parallax, Befractioo, Aberration, Precession, 
and Nutation. 8to. 8t. dd. 

Elementary Chapters on Astronomy from the 

"Astrononde Phyrique" of Biol By H. GOOnWIN, D.D. Bbhop 
or Carlisle. 8TO.8f.6d. 



An Elementary Treatise on Elliptic Functions. By 

A CAYLBT, Sadleiian Professor of Mathematics in the University of 
Cambridge. Pr^Hxrinff. 

Of False Discontinuity, with illustrations from 

Fourier's Theorem and the Calculus of Tariations: by )L M. U. 
WILKINSON, M.A., late Fellow of Trinity College. 8vo. T«. 6d. 

Notes on the Principles of Pure and Applied 

Calculation ; and Applications of Mathematical Prindples to Theories 
of the Physical Forces. By the Ber. J. CHALLIS, M.A.. F.B.8.. 
F.B.A.&, Plumian Professor of Astronomy and Bxperimental Philo- 
sophy in the University of Cambridge, and Fellow of Trinity College. 
8m Ut, 

Choice and Chance. By William AllenWhitwobth, 

M.A., Fellow of Str John's. Second Editioo, enlarged. Crown 8vo. fif. 

Exercises on Euclid and in Modem Geometxy, 

containing Applications of the Principles and Processes of Modem 
Pure Geometoy. By J. MCDOWELL, lLA.,F.B.A.8., Pemtaoko OoUqpe. 
pp.xxxi, 800. Ciown8vo. 8«. 6d. 

A Chapter on FresneFs Theory of Double Bafrtu)- 

tloo. By W. B. ALDIS, M.A. 8m 2f. 

Ifotes on Boulettes and Glissettes. By W. H. 

BBS ANT, M. A., Lectiirar and lata Fellow of B( John's CoUegd, Oaa* 
bridge. 8to» 8r. 6dL 
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A Treatise on Djnamics of a Particle. By W. H. 

BESANT. Prtpartng. 

Elementary Course of Mathematics. Designed 

prindpally for Btadento of the Uniyenity of Cambridge. By H. 
GOODWIN, D.D., Bishop of Carliale. Sixth Edition, revised and en- 
larged by P. T. MAIN, IL A., Fellow of St John's CoUege, Cambridge. 
Svo. 10*. 

Problems and Examples, adapted to the " Elemen- 
tary Ooom of Mathflmatics." By H. OOODWIN. D.D., Bishop of Car- 
lisle. Third Edition, revised, with Additional Examples in Conic Sec- 
tions and Newton. By THOMAS G. Y TV TAN, M.A., FeUow of Gon- 
ville and Oaiui College. 8vo. 6$. 

Solutions of Goodwin's Collection of Problems and 

Examples. By W. W. HUTT, M.A., late Fellow of Gonville and Cains 
College. Third Edition, revised and enlarged. By the Bev. T. G. 
YYyTAN»M.A Svo. 9$, 

Collection of Examples and Problems in Arith- 
metic, Algebra, Geometry, Logarithms, Trigonometry, Conic Sectkms, 
Mechanics, ke. with Answers and Occarional Hints. By the Ber. 
AWBIGLET. Sixth Edition. Bfo.9i.6d. 

A Companion to Wrigley's CoUection of Examples 

and Problems, being Illustrations of Mathematical Processes and 
MetiKMlsor Solution. By J. PLATTS, Esq., and the Bev. A. WBIGLBT, 
MJL 8vo. ISf. 

Series of Figures lUustratiyeof Geometrical Optica 

Fran 8CHELLBACH. By the Ber. W. B. HOPKINS. Plates. 
Folio. 10«.6ci. 

A Treatise on Crystallography. By W. H. Milleb, 

M.A. 8vo. U»9d, 

A Tract on Crystallography, designed for Stu- 
dents in the Uohmsity. By W. H. MnuE, M.A. Professor of Mint- 
niogy in tiieUnlT«nily of Cambridge. 8vOb 6t, 

Physical Optics, Part II. The Corpuscular Theory 

of Light diseossed Mathematically. By RICHARD POTTER, M.A. 
Iiate Fdlow of Qaeens' College, Cambridge, Professor of Natural Pliilo- 
fophy and Astronomy in University College, London. It, fkU 



10 DEIGHTON, BELL AND CO.'S PUBLICATIONS. 

The Greek Testament: with a critically revised 

Text : a Digest of Various Readings ; Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena : and a Critical and Exegetical Com- 
mentary. For the use of Theological Students and Ministers. By 
HENRY ALFORD, D.B. Dean of Canterbury. 
Vol. I. Sixth Edition, containing the Four Gospels. II. St. 

Vol. II. Sixth Edition, containing the Acts of the Apostles, the 
Epistles to the Romans and Corinthians. 11. 4#. 

Vol. III. Fourth Edition, containing the Epistles to the Galatians, 
Ephesians, Philippians, Colossians, Thessalonians,— to Timothcus, 
Titus and Philemon. ISs. 

Vol. IV. Part I. Fourth Edition, containing the Epistle to the He- 
brews, and the Catholic Epistle of St James and St Peter, lit. 

Vol. IV. Part II. Fourth Fxlition, containing the Epistles of St John 
and St Jude. and the Revelation. lU. 

Dean Alford's Greek Testament with English Notes, 

intended for the upper forms of Schools and for Pass men at the 
Universities. Abridged by BRADLEY H. ALFORD, M.A., Vicar of 
Leavenheath, Colchester ; late Scholar of Trinity College, Cambridge. 
Grown 8vo. 10s. 6d. 

Codex Bezse Cantabrigiensis. Edited with Prole- 
gomena, Notes, and Facsimiles. By F. H. SCRIVENER, M. A. Smail 
4to. 2ef. 

Wieseler's Chronological Synopsis of the Four Gos- 
pels. Translated by the Rev. E. VENABLES, H. A. 8vo. ISf. 

"This opportunity may properly be taken of especially recommending 
to every thoughtful student this able treatise on the succession of 

events m the Gospel history A translation of it would 

be a very welcome aid to the general reader."— Bp. EUieott's Lee- 
tare* on the Life of our Lord. 

Companion to the Greek Testament. Designed 

for the use of Thcol(^cal Students and the Upper Forms in Schools. 
By A. C. BARRETT, M.A., Caius College. Second Edition, revised 
and enlarged. Fcap. 8vo. 6t. 

Butler's Three Sermons on Human Nature, and 

Dissertation on Virtue. Edited by the late W. WHEWELL, D.D. With 
a Preface and a Syllabus of the Work. Third Editien. Fcp. 8vo. St. M, 

An Historical and Explanatory Treatise ou the 

Book of Common Prayer. By W. G. HUMPHRY, B.D. Third 
and Cheaper Edition, revised and enlarged. Fcap. 8vo. 4f. M. 

Annotations on the Acts of the Apostles. Ori- 
ginal and selected. Designed principally for the use of Candidate* 
for the Ordinary B.A. Degree, Students for Holy Orders, &c.« with 
College and Senate-House Examination Papers. By the Ser. TJ B. 
MA8KEW, M.A. Second BditiOD, enlarged. Umo. 6c 



DEIGHTON, BELL AND CO/S PUBLICATIONS. 11 

An Analysis of the Exposition of the Creed, writ- 
ten by the Right Reverend Father in God, J. PEARSON, D.D. late 
Lord Bishop of Chester. Compiled, with some additional matter occa- 
sionally interspersed, for the use of Students of Bishop's College, Cal- 
cutta. By W. II. MILL, D.D. Thfard Edition, revised and corrected. 
8vo. 6f. 

Hints for some Improvements in the Authorised 

Version of the New Testament. By the late J. SCHOLEFIELD, M.A. 
Fourth Edition. Fcap. 8vo. it, 

A Plain Introduction to the Criticism of the New 

Testament. With 40 facshniles from Ancient Manuscripts. For (be use 
of Biblical Students. By F. H. SCRIVENER, M.A. Trinity College, 
Cambridge. 8vo. IBt, 

The Apology of TertuUian. With English Notes 

and a Preface, intended as an Introduction to the Study of Patristical 
and Ecclesiastical Latlnity. By H. A. WOODHAM, LLD. Second 
Edition. 8vo. 9s. dd. 



Six Lectures Introductory to the Philosophical 

Writings of Cicero. With some Explanatory Notes on the subject- 
matter of the Academica and De Finibus. By T. W. Lxvin, M.A., 
St Catharine's College, Inter-Collegiate Lecturer on Logic and Moral 
Philosophy. 8vo. Is. 6d. 

-/Eschylus. Translated into English Prose, by 

F. A. PALET, M.A. Editor of the Greek Text. Second Edition, 
revised and corrected. 8vo. 7s. 6d, 

^tna. Kevised, emended, and explained, by 

H. A. J. MUNRO, M.A., Fellow of Trinity College, Cambridge. 
8vo. Ss. 6d. 

Aristophanis Comoediae superstites cum deperdita- 

rum fragmentis, additis argumentis, adnotatione critica, metrorum de* 
scriptione, onomastico et lexico. By the Rev. Hubert Holdbh,LL.D., 
late Fellow of Trinity College. Cambridge. Third Edition. 

VoL I. containing the text expurgated with summaries and critical 
notes, also the fragments, 18«. 

The plays sold separately: Achamenses, 2s. Equites, Is, M. Nubes, 
If. 6d. Vespae, 2s. Pax, ls.6d. Aves, 2s. Lysistrata et Thesmophoriazusae, 
Zs. Banae, 2s. Eoclesiazusae et Plutus, Sf. 

Vol. IL Onomastioon Aristophanevm oontlnons indioem geogra- 
phicrm et historicvm, Bs. 6d. {all pubUOudi, 



12 CLASSICAL BOOKS PUBLISHED BY 

Demosthenes, the Oration against the Law of Lep- 

tinet, with English Notes, and a Translation of Wolfe's Prolegomena. 
Bdited by B. W. BEATSON, M.A. FeUow of Pembroke College, Cam- 
bridge. Second Edition. Small 8vo. 6t. 

Demosthenes de Falsa Legatione. Third Edition, 

carofttlly revised. By B. SHILLETO, A.M. Svo. Si'.dd, 

Euripides. Fabulse Quatuor, scilicet, Hippolytus 

Coronifer, Aloestis, Iphigenia in AuUde, Iphigenia in Tauris. Ad fidem 
Manuscriptorum ac veterum Editionum emendavit et Annotationibus 
instruxit J. H. MONK. 8.T.P. Bditionova. Svo. 12f. 
SeparaUlp—EippolytoB, 8to, doth, 6t. ; Aloestis. 8vo, sewed, it. 9d, 

Lucretius. With a literal Translation and Notes 

Critical and Explanatory, by the B«t. H. A.- J. MUNBO, M. A. Fellow 
of Trinity College, Cambridge. Second Edition, revised throughout. 
8 Vols. Svo. Vol. I. Text, 16#. YoL U. Translation, 6s. May be had 
separately. 

Plato. The Apology of Socrates and Crito. With 

Notes. Critical and Exegetical, Introductory Notices and a Logical 
Analysis of the Apology. By WILHELM WAONEB, Ph. D. Port 
Svo. it.6d. 

Plato. The Phaedo. With Notes hj W. Wagneb, 

Ph. D. Post Svo. 64. 6dL 

Plato. The Gorgias, literally translated, with an 

Introductory Essay, containhig a Summary of the Argument. By 
B. M. COPE, M.A. Fellow of Trinity College, Cambridge. Svo. 7«. 

Plato. The Protagoras. The Greek Text revised, 

with an Analysis and English Notes. By W. WATTE, M.A., late 
Fellow of King^ College, Cambridge, Assistant Master at Eton. 
Second Edition. Small Svo. 4f . 6d. 

Plautus. Aulularia^ With Notes, Critical and 

Exegetical, and an Introduction on the Plautian Metres and Prosody. 
' By W. WAGNEB, Ph. D. Svo. 9s. 

Plautus. Trinummus. With Notes, Critical and 

BxegettcaL By W. WAGNEB^ Ph. P. CiownSvo. 4ff. 64. 

Ptopertius. Yerse-Translations from Book V. With 

a Bevised Latin Text» and Brief English Notes. By F. A. PALBT, M.A. 
Editor of PropertiaSpOridI Fasti, Aa Fcp.8vo. Si. 
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Quintilian. The Tenth Book. Latin Text, with 

Introduction, Analysis and Commentary. By JOHN E. B. MAYOR, 
H.A. Fellow of St John's College, Cambridge. Preparing, 

Terence. With Notes Critical and Exegetical, an 

Introduction and Appendix. By W. WAGNER, Ph. D. Post 8to. 
10s. 6cL 

Theocritus, with short Critical and Explanatory 

Latin Notes. By F. A. PALEY, M. A. Second Edition, corrected and 
. enlarged, and containing the newly-discovered IdylL Crown 8to. As, 6d. 

Theocritus. Translated into English Verse by 

0. B. CALYERLEY, late Fellow of Christ's College, Cambridge. 7s. 6d. 

Thucydides. The History of the Peloponnesian 

War by Thucydides. With Notes and a careful Collation of the two 
Cambridge Manuscripts and of the Aldine and Juntine Editions. By 
RICHARD 8HILLET0, M.A. Fellow of Peterhouse. Book L Svo. 
6t.6d. 

A Complete Greek Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Third Edition, 
considerably enlarged. Sro. 16s. * 

Written with constant reference to the latest and most esteemed of 
Greek Grammars used on the Continent. 

A Complete Latin Grammar. For the use of 

students. By the late J. W. DONALDSON. D.D. Third Edition, 

considerably enlarged. 8to. 14f. 
Designed to serve as a convenient hand-book for those students who 
wish to aoqidre the habit of writing Latin ; and with this view it 
is fumbhed with an Antibarbarus, with a full discussion of the most 
important synonyms, and with a variety of information not generally 
contained in works of this description. 

Varronianus. A Critical and Historical Introduc- 
tion to the Ethnography of Ancient Italy, and to the Philological Study 
of the Latin Language. By the late J. W. DONALDSON, D.D. 
Third Edition, revised and considerably enlarged. Svo. 16s. 

Exercises on Latin Accidence, by John E. B. 

MAYOR, M.A. Fellow of St John'fe College. Second Edition. Crown 
Svo. ls.6d. 

Exercises on Latin Syntax, by J. E. B. Mayor. 

8 Parts, 6d. each. 



U DEIGUTON, BELL AND CO/S PUBLICATIONS. 

The Theatre of the Greeks. A Treatise on ther 

History and Exhibition of the Greek Drama : with yarious Supplements. 
By the late J. W. DONALDSON, D.D. Seventh Bdition, revised, 
enlarged, and in part remodelled, with numerous illustrations from 
the best ancient authorities. 8to. lit. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University 
Teaching. A Practical Essay on Liberal Education. By the late J . W. 
DONALDSON, D.D. Crown 8vo. 6f. 

Translations. By R. C. Jebb, H. Jackson, and 

W. K CURREY, Fellows of Trinity College, Cambridge. 

Jn the Prets. 

Translations into English and Latin. By C. S, 

CALVEBLEr, bite Fellow of Christ's College, Cambridge. Small 8vo. 
7*. 6d. 

Arundines Cami : sive Musarum Cantabrigiensium 

LusuB Canori. CoUegit atque ed. H. DBURY, AM. Editio quinta. 
Or. 8to. 7t. OdU 

f oliorum Silvula. Part the first. Being Passages 

for Translation into Latin Elegiac and Heroic Verse. Edited with 
Notes by the Kev. HUBERT HOLDEN, LL.D.. Head Master of 
Ipswich School. Late Fellow of Trinity College. Cambridge, Classical 
Examiner in the University of London. Fifth Edition. PostSvo. 

Foliorum Silvula. Part the second. Being Select 

Passages for Translation into Latm Lyric and Comic Iambic Verse. 
Arranged and edited by the Bev. Dr HOLDEN. Third Edition. 
Post8vo. bs. 

Foliorum Silvula. Part the third. Being Select 

Passages for Translation into Greek Verse. Edited with Notes by 
the Rev. Dr HOLDEN. Third Edition. Post8vo. 8i. 

Folia Silvulae, sive Eclog» Poetarum Anglicorum 

in Latinum et Qrsecum conversse quas disposuit HUBERTUS 
HOLDEN, LL.D. Volumen Frius. Continens Fasciculos I. II. Post 
8vo. lo«. tk/. Volumen Alterum continens Fasciculos III. IV. 12f. 

Foliorum Centuriae. Being Select Passages for 

Translation into L^tin and Greek Prose. Arranged and edited by 
Uie Rev. Dr HOLDEN. Fourth Edition. Po8t8vo. 
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Greek Verse Composition, for the use of Public 

Schools and Private Students. Being a revised edition of the Greek 
Verses of Shrewsbury School. By the Bev. GEORGE PRESTON, 
Fellow of Magdalene College, Cambridge. Small 8to. it. 6d. 

Sertum ^parthusianum Floribus trium Sseculorum 

Contextum. Cura GOLIELMl HAIG BROWN, Scholse Carthusians 
ArchididascaU. 8to.14«. 

Mvsse Etonenses sive Carminvm Efconse Condito- 

nrm Delectvs. Series Nova, Tomus Dvos, Complectens. 8vo. I5s. Edidit 
BICARDUS OKES, S.T.P., Coll. Regal. apvU Cantabrigienses Praepo^ 
siivs. YoL II., to complete Sets, may be had separately, pnce 6t. 



Accidence Papers set in the Previous Examination, 

December, 1866. 12mo. 6d. 

Cambridge Examination Papers, 1859. Being a- 

Supplement to the Cambridge University Calendar. 12mo. 2t. 6d. 

Containing the various Examination Papers for the Year. With Lists 
of Ordinary Degrees, and of those who have passed the Previous and 
Theological Examinations. 

The Examination Papers 0/1866, 1857 and 8, 2t. M. each, 

may itiU he had. 

A Manual of the Koman Civil Law, arranged 

according to the Syllabus of Dr HALLIFAX. By G. LEAPING- 
WELL, LL.D. Designed for the use of Students in the Universities and 
Inns of Court. 8vo. \2s. 

The Mathematical and other Writings of ROBERT 

LESLIE ELLIS, M.A., late Fellow of Trinity College. Cambridge 



Fxlited by WILLIAM WALTON, M.A. Trinity College, with a 
" graphical Memoir by H. GOODWIN. D.D. Bi " - - 
8vo. 16<. 



Biographical Memoir by H. GOODWIN, D.D. Bishop of Carlisle. 



Lectures on the History of Moral Philosophy in 

England. By the late Rev. W. WHEWELL, D.D. formerly Master 
of Trinity College, Cambridge. New and Improved Edition, with 
Additional Lectures. Crown 8to. %t. 

The Additional Lectures are printed separately in Octavo for the conve- 
nience of thou toho have purchased the former Edition. Price is. 6d. 

A Concise Grammar of the Arabic Language. Re- 
vised by SHEIKH ALT NADY EL BARRANY. By the late W. J. 
BEAMONT, M.A. Fellow of Trinity College, Cambridge, and Incum- 
bent of St Michael's, Cambridge, sometime Principal of the English 
College, Jerusalem. Price Is. 

A Syriac Grammar. By G. PHILLIPS, D.D., 

President of Queens' College. Third Edition, revised and enlarged. 
8to. U, 6i. 



Now ready ^ fcp. 8t?o. price 58. 

Wbt ^tiititnVi iSuOK to tl^( ^Onibttiitj) 

of Cambrtbg^ 

REVISED AND CORRECTED IN ACCORDANCE 
WITH THE RECENT REGULATIONS. 

Introduction, by J. R. Seeley, M.A. 
On University Expenses, by the Rev. H. Latham, M.A. 
On the Choice op a College, by J. R. Seeley, M.A. 
On the Course of Reading for the Mathematical 

Tripos, by the Rev. W. M. Campion, D.D. 
On the Course of Reading for the Classical Tripos, 

by the Rev. R. Burn, M.A. 
On the Course of Reading for the Moral Scienobs 

Tripos, by the Rev. J. B. Maypr, M.A. 
On the Course of Reading for the Natural Sciences 

Tripos, by Professor Liveing, M.A. 
On Law Studies and Law Degrees, by Professor J. T. 

Abdy, LL.D. 
Medical Study and Degrees, by G. M. Humphry, M.D. 
On Theological Examinations, by Professor A. Harold 

Browne, B.D. 
The Ordinary (or Poll) Degree, by the Rev. J. R. 

LUMBY, M.A. 

Examinations for the Civil Service of India, by the 

Rev. H. Latham, M.A. 
Local Examinations of the Uniysbsitt, by H. J. 

RoBY, M.A. 
Diplomatic Service. 
Detailed Account of the Several Colleges. 

''Partly with the view of assisting parents, guardians, 
Bchoohnasters, and students intending to enter their names at 
the Uniyersity — ^partly also for the benefit of undergraduates 
themselves — a very complete, though concise, volume has just 
been issued, which leaves Httle or nothing to be desired. For 
ludd arrangement, and a rigid adherence to what is positively 
useful, we know of few manuals that could compete with this 
Student's Guide. It reflects no little credit on toe University 
to which it supplies an unpretending, but complete^ intro« 
duction." — Saturday Review. 
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